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Foreword
Purpose of the manual

air traffic management system. In light of this, the global
plan mentioned above is being revised in a way that will
present information of a practical nature to guide and assist
States, the ICAO Regional Offices, regional planning
groups, the avionics industry, and operators in planning for
the carriage of airborne equipment required for use with
CNS/ATM systems.

In September 1991, the Tenth Air Navigation Conference
considered and endorsed a concept for a future air navigation system that would meet the needs of international
civil aviation over the next century. The concept, which was
developed by the ICAO Future Air Navigation Systems
(FANS) Committee, came to be known as the communications, navigation, and surveillance/air traffic management
(CNS/ATM) systems concept and involves a complex and
interrelated set of technologies, dependent, to a large
degree, on satellites.

The primary objective of this manual is to guide
airspace planners, ICAO Regional Offices and the regional
planning groups and to assist them with implementation of
CNS/ATM systems, particularly in relation to airspace
planning, implementation of the required navigation
performance (RNP) concept and area navigation techniques.
This is in line with the objectives laid out by the Council of
ICAO. It is envisioned that the airspace planning methodology will become a part of a larger document dealing with
implementation issues.

In follow-up of the work of the FANS Committee and
the Tenth Air Navigation Conference, several activities have
taken or are taking place within and through ICAO as
follows:
— the Council of ICAO has acted on the recomendations of the Tenth Air Navigation Conference
to speed up the implementation of CNS/ATM;

The methodology presented in this document provides
a framework by which airspace characteristics, aircraft
capability and traffic demand can be assessed for the
purpose of determining safe separation minima for en-route
operations. The methodology has been designed to ensure
that the intended safety level for a proposed airspace meets
the required standard. Airspace planners will be able to
assess different scenarios for airspace development.
Administrations may use the methodology as a tool to assist
them in determining the sequence and nature of decisions
required to establish safe separation minima. However, it is
recognized that, in some cases, application of the methodology may require risk analysis expertise which may not be
available in all administrations. In these cases, further
technical advice and support should be obtained from
ICAO.

— the global coordinated plan for transition to the
CNS/ATM systems has been developed;
— the Air Navigation Commission is coordinating
technical activities leading to the development of
international Standards and Recommended
Practices (SARPs);
— several panels of the Air Navigation Commission
are developing the operational requirements and
technical specifications necessary for implementation of CNS/ATM systems;
— institutional issues are being addressed by the
Council of ICAO, the Legal Bureau and concerned States; and

Relationship to other
ICAO documents

— regional planning groups are working on strategies and analyses for their regions.

Existing ICAO documents do not indicate methods for
quantifying the effect a change of separation minima may
have on air traffic safety. This document is intended for use
by airspace planners as a basis for changing separation
minima. It should be read in conjunction with the

The CNS/ATM systems concept has reached a high
level of understanding and acceptance, and efforts are now
being directed at the implementation of a seamless, global
iii
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International Standards and Recommended Practices, Air
Traffic Services (Annex 11 to the Convention on International Civil Aviation), Attachment A — Material relating
to a method of establishing ATS routes defined by VOR,
paragraph 3.1, and Attachment B — Method of establishing
ATS routes for use by RNAV-equipped aircraft, and the
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Procedures for Air Navigation Services — Air Traffic
Management (PANS-ATM, Doc 4444), Chapter 5,
Separation Methods and Minima. The Air Traffic Services
Planning Manual (Doc 9426) provides guidance on how
States should determine required levels of air traffic
services for their airspace.
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Glossary
AACS
AAIM
ACARS

Australian Airspace Classification Scheme
aircraft autonomous integrity monitoring
ARINC communications addressing and
reporting system
ACAS
airborne collision avoidance system
ADS
automatic dependent surveillance
AFTN
aeronautical fixed telecommunication
network
AGL
above ground level
AIP
aeronautical information publication
AIRAC
aeronautical information regulation and
control
ALARP
as low as reasonably practical
ANT
airspace and navigation team
APANPIRG Asia/Pacific Air Navigation Planning and
Implementation Regional Group
ARINC
Aeronautical Radio, Inc.
ARM
airspace risk model
ARSR
air route surveillance radar
ATC
air traffic control
ATCO
air traffic controller
ATFM
air traffic flow management
ATM
air traffic management
ATS
air traffic services
BASI
Australian Bureau of Air Safety
Investigation
CAA
Civil Aviation Authority
CAP
close approach probability
CASA
Civil Aviation Safety Authority
CBA
cost-benefit analysis
CMA
Central Monitoring Agency
CMF
common mode failures
CNS
communications, navigation and
surveillance
CPA
circular protected area
CPDLC
controller/pilot data link communications
CTA
control area
CTAF
common traffic advisory frequency
DDE
double double exponential
DME
distance measuring equipment
EATCHIP European Air Traffic Control
Harmonization and Integration Programme
ECAC
European Civil Aviation Conference
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EUROCONTROL European Organization for the Safety
of Air Navigation
FAA
Federal Aviation Administration
FANS
future air navigation systems
FCS
flight control system
FDPS
flight data processing system
FIR
flight information region
FL
flight level
FMCS
flight management computer system
FMS
flight management system
FOM
figure of merit
GNE
gross navigation error
GNSS
global navigation satellite system
GPS
global positioning system
HAZOP
formal hazard identification and analysis
sessions
HF
high frequency
ICAO
International Civil Aviation Organization
IEC
International Electrotechnical Commission
IFR
instrument flight rules
IMC
instrument meteorological conditions
IOACG
Indian Ocean Air Traffic Services Coordinating Group
IRR
internal rate of return
ISPACG
Informal South Pacific Air Traffic Services
Co-ordinating Group
LORAN
long-range air navigation (system)
LSSR
long-range secondary surveillance radar
MAPT
missed approach point
MASPS
minimum aircraft system performance
standards
MBZ
mandatory broadcast zone
MNPS
minimum navigation performance
specifications
MOPS
minimum operational performance
specification
MWG
Mathematicians Working Group
NAT
North Atlantic
NAT SPG North Atlantic Systems Planning Group
NM
nautical miles
NOPAC
North Pacific
NOTAM
notice to airmen
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NPV
NSW
NWPIE
OACC
OH&S
OR
OTS
PANS-ATM
R&D
RAIM
RDPS
RGCSP
RLRS
RNAV
RNDSG
RNP
RPT
RTCA
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net present value
New South Wales
non-waypoint-insertion gross error
oceanic area control centre
occupational health and safety
operational requirement
organized track system
Procedures for Air Navigation Services —
Air Traffic Management
research and development
receiver autonomous integrity monitoring
radar data processing system
Review of the General Concept of
Separation Panel
reduced lateral route spacing
area navigation
route network development sub-group
required navigation performance
regular public transport
Radio Technical Commission for
Aeronautics

RVSM
SARPs
SATCOM
SID
SRD
SSR
STAR
SUPPS
TCAS
TLS
TMA
UTC
VFR
VHF
VMC
VOR
WG
WP
WPIE

reduced vertical separation minimum
Standards and Recommended Practices
satellite communication
standard instrument departure
standard radar departure
secondary surveillance radar
standard instrument arrival route
Supplementary Procedures
traffic alert and collision avoidance system
target level of safety
terminal control area
coordinated universal time
visual flight rules
very high frequency
visual meteorological conditions
VHF omnidirectional radio range
working group
working paper
waypoint-insertion gross error

Chapter 1
FACTORS AFFECTING THE DEVELOPMENT OF
AN AIRSPACE PLANNING METHODOLOGY

SEPARATION CONSIDERATIONS
1.1 Separation is the generic term used to describe
action on the part of air traffic services (ATS) to keep
aircraft operating in the same general area at such distances
from each other that the risk of collision is maintained
below an acceptable safe level. Such separation can be
applied horizontally and vertically. Separation in the
horizontal plane can be achieved either longitudinally (by
spacing aircraft behind each other at a specified distance,
which may be expressed in flying time) or laterally (by
spacing aircraft side by side at a specified distance from
each other, or by specifying the width of the protected
airspace on either side of an air route centre line). Vertical
separation is achieved by requiring aircraft using prescribed
altimeter setting procedures to operate at different levels
expressed in terms of flight levels or altitudes.
Note.— Guidance material on reduced vertical separation minima (RVSM) is available in (Doc 9574) Manual on
Implementation of a 300 m (1 000 ft) Vertical Separation
Minimum Between FL 290 and FL 410 Inclusive.
1.2
The required separation between aircraft is
generally expressed in terms of minimum distances in each
dimension which should not be simultaneously infringed.
In the case of horizontal separation, the minimum distance
can be expressed in either nautical miles (NM), degrees of
angular displacement or, in the longitudinal dimension, as
values of either time-based or distance-based minima, by
use of distance measuring equipment (DME), area
navigation (RNAV), radar or automatic dependent surveillance (ADS) respectively (Doc 4444, Procedures for Air
Navigation Services — Air Traffic Management, PANSATM). Vertically, the minimum is expressed in either
metres, feet or flight levels.
1.3 Under some circumstances, in specified airspaces
and subject to regional agreement, composite separation
3

consisting of an element of horizontal separation combined
with an element of vertical separation may be applied
between aircraft (Doc 9426, Air Traffic Services Planning
Manual, Part II, Section 2, Chapter 3 refers).
1.4 When planning airspace and air routes that are not
provided with an air traffic control (ATC) service (only
flight information service or air traffic advisory service),
safe separation of aircraft can also be assured by the use of
standard separation minima. In the event that an ATC
service is subsequently introduced, the use of the same
process will facilitate implementation and integration with
adjacent airspace systems.
FORMS OF AIR TRAFFIC
CONTROL SERVICE
1.5 To provide separation, ATC uses two forms of
control: procedural and radar. Procedural control is
generally understood to be the application of separation
based solely on position information received from the
aircraft via air-ground communications. It is envisaged that
technologies utilizing ADS, where airborne navigational
data are made available to ATC by data link techniques, will
provide enhancements to procedural control. The introduction of ADS into the procedural ATC environment
offers the potential for more frequent position updates as
well as information on the future intent of the aircraft. In an
environment where position reports are communicated
directly from the aircraft to ATC, and where ATC is
automatically kept up to date on the intentions of the
aircraft, significant reductions in separation minima should
be possible.
1.6 Radar control is based on radar-displayed position
information. Horizontal separation is achieved by maintaining a specified horizontal distance between radar returns
from different aircraft. Vertical separation may also be
No. 1
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applied between radar returns. This may be enhanced in
areas where secondary surveillance radar (SSR) is used (it
should be noted that the information on height provided in
a radar environment using SSR and Mode C is a form of
dependent surveillance whereby the aircraft’s height is
derived from the altimetry systems on individual aircraft).

EFFECT OF FORMS
OF CONTROL ON
SEPARATION MINIMA
1.7
There is a significant difference between the
separation minima used when applying strictly procedural
control methods and those used under radar control. The
separation minima used under procedural control takes into
account that ATC decisions are based on a “snap-shot”
picture of the situation and the controller ensures that all
aircraft under control are suitably separated from each
other. Pilots’ estimates of their flight progress must
indicate that the separation established will continue until
such time as ATC is in a position to again review the traffic
situation. The separation minima used in this case must
therefore ensure that, even in the worst case conditions (i.e.
between successive snap-shots), the required minima can
be maintained, or re-established should they become
degraded. It should be understood, however, that the use of
the procedural control method does not relieve controllers
from their obligations to monitor the traffic situation
continuously.
1.8 In the case of radar control, ATC is provided with
frequently updated real-time information on the position of
aircraft, making it possible when required to use significantly smaller separation minima. However, the minima
used under these conditions must also take into account the
fact that little information is provided from radar data alone
on the future intent of aircraft. Further information on the
determination of appropriate radar separation is provided
in Annex 11 and the PANS-ATM.
1.9
Effect of tactical radar control. In a radar
environment, when appropriate lateral spacing exists
between adjacent routes, such routes may be operated by
the controller as separate entities. In this case, when an
aircraft is cleared and established on an ATS route:

c) the controller’s role is primarily one of monitoring
the progress of cleared aircraft.
1.10 In a radar environment, when appropriate lateral
spacing does not exist between routes, aircraft may be
separated from those on adjacent routes, by the controller
applying the minimum radar separation, specified by the
ATS authority. In such cases, the use of automated warning
tools, such as deviation alert and short-term conflict alert
(STCA), may allow the controller to operate the routes with
a degree of independence. Thereby, the controller’s primary
role may also become that of monitoring the progress of
cleared aircraft on each route, thus allowing for more active
control when required, as in the case of climbing and
descending traffic. The time required, therefore, to detect
and resolve a deviation and/or potential conflict will depend
on a number of factors which include:
a) controller workload;
b) availability of automated warning tools, e.g.
deviation alert, STCA;
c) pilot/controller reaction time to initiate and execute
corrective action;
d) delays in pilot/controller communications;
e) the resolution and accuracy of the system; and
f) aircraft manoeuvre response time (dependent on
aircraft speed and height).
1.11 The introduction of ADS into the procedural
ATC environment offers the potential for more frequent
position updates as well as information on the future intent
of the aircraft. In an ADS environment where position
reports are communicated directly from the aircraft to ATC,
and where ATC is automatically kept up to date on the
intentions of the aircraft, significant reductions in separation
minima should be possible. The extent of separation
reductions need to be determined by either collision risk
modelling or the other techniques detailed in the methodology in this manual.

a) the pilot is responsible for adhering to the centre
line;

RESPONSIBILITY FOR
NAVIGATION

b) aircraft established on adjacent routes are separated
by the appropriate spacing between the routes; and

1.12 The ATC system is based on the principle that
the responsibility for navigation is vested with the pilot. The

No. 1
30/8/02

Chapter 1. Factors affecting the development of an airspace planning methodology
ATC system does not normally assume responsibility for
the navigation of aircraft except in certain prescribed
instances (e.g. radar vectoring) when the air traffic
controller is in a better position to obtain information on an
aircraft’s position relative to other aircraft, or when the air
traffic controller determines the need to resolve a potential
hazard.

DETERMINATION OF SEPARATION
1.13 The determination of vertical separation or timeand distance-based longitudinal separation minima should
be based on the quality of information available to ATC
and the pilot. Decision, coordination and transmission
times may have an influence on the application of
longitudinal separation minima, particularly where direct
pilot-controller communications are not available. The
determination of lateral separation in a procedural environment should be based primarily on the accuracy with which
pilots can adhere to an assigned track. When an ATC
intervention capability is available, its influence on lateral
separation minima should be assessed.

5

forms the initial source of reference material from which
airspace planners may directly derive appropriate minima.

REQUIRED ELEMENTS OF AN
AIRSPACE PLANNING METHODOLOGY
1.16 The primary aim of airspace system design is to
provide safe aircraft operations for the intended phases of
flight. This includes navigation along the intended flight
path, obstacle avoidance and support of separation standards that accommodate required system capacity and
safety.
1.17 Three of the main interdependent parameters that
affect the achievement of such a predetermined level of
airspace system safety (target level of safety — TLS) for a
given traffic density are:
a) aircraft navigation performance;
b) ground and airborne communications performance;
and
c) surveillance performance.

MAINTENANCE OF
SEPARATION MINIMA
1.14
Determination of the appropriate prescribed
separation minima is a complex process and it is necessary
to take into account the factors listed in 1.16, 1.17 and
1.18. Once the responsible authority establishes separation
minima, it is incumbent upon ATC to ensure that these are
not compromised. In addition, when evaluating airspace
safety and efficiency, it is not only the minima that are
important, but also how frequently separations close to the
minima are applied in practice.

GLOBAL HARMONIZATION OF
SEPARATION MINIMA
1.15 From the early days of ICAO, it was agreed that
to facilitate global harmonization, separation minima
should be established internationally and that such minima
should only be changed through international agreement.
Annex 11 specifies that the minima established by ICAO
are published in the PANS-ATM and minima established
by Regional Agreement are published in Doc 7030,
Regional Supplementary Procedures (SUPPS). This material

1.18
These performance capabilities are used to
determine airspace design (separation minima/route spacing/
sectorization), instrument procedures and air traffic control
intervention capability. An increase or decrease in any
single parameter may result in a corresponding increase or
decrease in some or all of the other parameters. As aircraft
and system capabilities improve, it is expected that corresponding improvements in system safety will be realized.
The methodology for determination of en-route separation
minima allows a trade-off between the system aspects of
separation, navigation and intervention to ensure that an
agreed TLS is satisfied.
1.19 In recent years, most of the work on separation
minima between aircraft has been based on mathematical/
statistical analyses. Such work has been extremely useful in
assessing the probable safety of proposed separation
minima and is intended to support informed decisions based
on sound operational judgement. This document includes
possible methodologies to assess traffic safety in relation to
separation minima. The methodology for determining
separation minima is based on special mathematical models,
which determine the correlation between elements such as
collision risk, separation minima, airspace design, air route
network characteristics, flow parameters, intervention
capability and communication, navigation and surveillance
No. 1
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equipment performance. The airspace planning methodology is sufficiently universal to be used not only for
determining separation minima, but also for safely implementing ATS upgrades in situations where separation
minima are intended to remain unchanged, for example:
determination of communications, navigation, and surveillance (CNS) requirements for a given TLS and separation
minimum; estimation of the influence of airspace structure
changes on system safety; and determination of air traffic
system capacity limits.
1.20 In this document the methodology described for
determining safe separation minima is an iterative method.
The flow diagram in Figure 1-1 shows the relationship
between the following fundamental elements of the
methodology:
a) identification of the need for change;
b) determination of the proposed system;
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c) identification of the method of safety assessment;
d) evaluation of the risk;
e) satisfaction of safety criteria;
f) modification of the proposed system; and
g) implementation and monitoring of the proposed
system.
1.21 Airspace planners may use the flow diagram as
a tool to assist them in determining the sequence and nature
of the decisions required to derive safe separation minima
or for safely implementing ATS upgrades in their airspace,
described in 1.19 above. Some practical applications of how
the airspace planning methodology can be used to derive air
traffic system solutions are shown in Figures 1-2a to 1-2d.
Detailed guidance on each of the elements of the
methodology is given in the remaining chapters.

Chapter 6. Methods of evaluating safety
Lateral navigation performance
The lateral navigation performance of the aircraft
population determines the lateral overlap
probability. This is a measure of the likelihood that
two aircraft, which are nominally separated, are in
fact in lateral overlap. This parameter is a key
element in determining the lateral collision risk. The
lateral collision risk is directly proportional to the
lateral overlap probability for two aircraft nominally
separated by the lateral separation minimum.
In a procedural airspace with a parallel track system
and dependent surveillance, the lateral overlap probability is affected by both the typical and
non-typical navigation performance. Typical
performance is used here to describe the usual small
errors in position which occur when navigation
systems are operating correctly; the non-typical
performance arises either due to navigation system
failures or human error and can result in very large
deviations from the correct position. The non-typical
performance can be measured in terms of the
proportion of flight time spent at a distance greater
than half the lateral separation minimum from the
correct track and by the proportion of aircraft flight
time spent near to the centre line of another route.
The relative effect of these two sources of error on
the lateral overlap probability may vary from airspace
to airspace. For example, in the North Atlantic
minimum navigation performance specifications
(NAT MNPS) airspace, the lateral separation minimum is so large that the non-typical performance
contributes, by far, the largest part to the lateral
overlap probability and hence to the collision risk.
When planning a parallel track system, great care
should be exercised in establishing separations large
enough to eliminate virtually all risk due to typical
errors, and characterizing and then controlling the
level of non-typical navigational performance.
Lateral navigation is also important when assessing
the collision risk in the longitudinal dimension,
although in this case it is the nominal performance
that is most important. This is because if
longitudinal separation is eroded between two
aircraft nominally flying on the same track, a
collision can occur only if the two aircraft are in
lateral overlap. The longitudinal collision risk is
directly proportional to the lateral overlap probability
between two aircraft nominally on the same track.
The effect of changing the standard deviation of the
population (approximately half of the RNP value if

23
it is assumed that the core distribution is a Gaussian
distribution) is shown in Table 6-1. It should be
noted that improving lateral navigation actually
increases the longitudinal collision risk.
Table 6-1. Lateral overlap probabilities RNP value
RNP value

Standard
deviation of the
population
(NM)

Lateral overlap
probability

1

0.51

0.0301

4

2.04

0.0075

5*

2.55

0.0060

10*

5.10

0l.0030

12.6

6.43

0.0024

20

10.20

0.0015

* Example of a regional application
Longitudinal navigation performance
The longitudinal collision risk is also dependent
on the typical along-track navigational performance,
which determines the likelihood that longitudinal
separation will be lost. Therefore, it is important to
constrain the along-track performance of the aircraft
population. In a typical oceanic airspace, where
pilot reports at waypoints are used, the maintenance
of longitudinal separation is dependent not only on
the ability of the pilots to determine the aircraft’s
longitudinal position, but also on the accuracy with
which all flights in the system measure time. The
accuracy of position measurement can be controlled
by selecting an RNP value. The accuracy of time
measurement can be controlled by specifying individual aircraft time-keeping accuracy. When both
these factors are controlled, they combine to limit
the variation in inter-aircraft spacing, thus also
reducing the risk.
In procedural airspace the minimum longitudinal
separation is often specified in terms of the
minimum time between consecutive aircraft on the
same track. The longitudinal separation measured in
nautical miles then depends upon the speed of the
aircraft concerned. Maintaining the correct
longitudinal separation on long en-route tracks can
be simplified by the application of speed controls,
No. 1
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e.g. Mach number technique, which requires all
aircraft in the system to maintain constant speeds,
(Doc 9426, Part II, Section 2, Chapter 2 refers). The
initial longitudinal separation on entry to a track
system is then based on the relative speed between
each consecutive pair of aircraft and is set in order
to ensure that the minimum separation on the track
will not be infringed throughout the flight. The
application of Mach number technique reduces the
variability of spacing between aircraft and reduces
the requirement for ATC intervention to correct this
spacing.

understand its function in the overall decisionsupport system. In the case where the communications link carries traffic for dependent surveillance
activities, the communications performance parameters are directly related to the surveillance function, e.g. where ADS is used as a primary surveillance tool, the performance of the applied data link
has a direct influence on the surveillance and
intervention capability and thus on the achievable
safe separation minima. Appendix 8 summarizes a
method for determining lateral separation minima in
an ADS-based ATC system.

Vertical navigation performance

Information on the status and position of aircraft is
essential for ATC. The provision of this information
can range from pilot reports at intervals of 30 minutes
or more, to radar data updated every 4-6 seconds.
Whatever the system being used, its reliability,
integrity and availability must be assessed, as well
as the accuracy of the information and any delays in
the presentation of the information to ATC.

Vertical navigation performance is determined by
the altitude-maintenance capability of the aircraft
population. Vertical navigation performance is not
only important for setting vertical separation
requirements (Doc 9574 refers), but the nominal
performance also affects the risk in the lateral and
longitudinal dimensions. If separation is lost in both
of these dimensions between aircraft nominally at
the same level, a collision will only result if both
aircraft are also in vertical overlap. The collision
risk in the longitudinal or lateral dimensions is
therefore directly proportional to the vertical
overlap probability between two aircraft nominally
at the same altitude.
3) Effects of surveillance and communications
The collision risk in a given airspace is directly
affected by the capability of ATC to detect aircraft
on conflicting tracks and to correct the situation
before a collision can occur. This intervention
capability is determined by the efficiency of the
surveillance and communication systems available
to the air traffic controller. Safe separation minima
in an airspace are closely linked to the means of
surveillance and communication available to ATC.
As airspaces change from strictly procedural
systems, improvements in surveillance, communications and ground-based automation combine
to form an enhanced decision-support system for the
controller and allow progressively smaller
separations to be used safely.
A principal feature of the communication links
between pilot and controller, which affects the minimum separation that can be safely maintained, is the
delay in transferring the desired information. The
reliability, availability and integrity of the communication subsystem must also be assessed to
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The delay in presenting information to the controller
is related to the update rate of the surveillance
system and in some cases may be produced by
automation (for instance in resolving the nonsynchronization of the timing of reports from
different surveillance systems). In addition to
presentation to the controller, some systems employ
conformance checking for individual aircraft or
conflict prediction for pairs of aircraft. The selection of the threshold for these decision aids and
their associated alarm levels will have an effect on
the system safety.
The additional margin of safety provided by controller intervention can be assessed in part by
estimating the delay from the time that the controller
perceives that a collision hazard exists until instructions are communicated and the aircraft responds.
Setting evaluation criteria
6.13 In order to evaluate the estimate of collision risk,
this should be compared to a maximum tolerable collision
risk for the system. Determining this level of risk is an
independent process involving decision makers who
represent State authorities, regional authorities or ICAO
technical panels. The maximum tolerable risk is normally
expressed in terms of a TLS. In the past, when applied to
en-route collision risk, the TLS had been expressed in terms
of the number of fatal accidents per flight hour, which could
result from collisions between aircraft (where a collision

Appendix 1
A GENERAL COLLISION RISK MODEL
FOR DISTANCE-BASED SEPARATION
ON INTERSECTING AND COINCIDENT TRACKS

1.

INTRODUCTION

This appendix presents a new model for the analysis of collision risk applicable to distance-based separation
of aircraft on both intersecting tracks as well as identical tracks. The model is based on the well-established
Reich Model (see references 19, 20, 21), but the derivation presented here is new and indicates the general
applicability of the method.
2.

METHODOLOGY

2.1
Suppose that a randomly chosen pair of aircraft, not necessarily at the same level, is crossing an ocean
on either the same identical track or on tracks that intersect. We denote by TC the average flying time to
complete the crossing. Let the notation Prob{X} mean the probability of X occurring, and define
Cp = Prob{the pair collides during the oceanic crossing}.

(1)

2.2
As in the Reich model, we represent the aircraft by simple geometric shapes. In this appendix we will
assume the aircraft are circular cylinders of diameter xy and height z. Again, as in the Reich model, we use
an equivalent geometry where one aircraft, aircraft 1 in this explanation, is a cylinder of xy radius and height
2 z, which we denote C, and the other aircraft, aircraft 2, is a point particle, which we denote P. It is clear that
for a collision to occur P must enter C through its vertical side or through the top or bottom. It is also clear that
a horizontal overlap of the two aircraft occurs when P enters the infinite cylinder of radius xy obtained by
extending upwards and downwards the cylinder representing aircraft 1. Thus,
Cp = Prob{P enters C | P enters infinite cylinder} × HOP(TC)

(2)

where HOP(TC) denotes the probability the pair of aircraft will have a horizontal overlap during the oceanic
crossing.
2.3
Now to calculate Prob{P enters C | P enters infinite cylinder}, note that
length through a cylinder of radius xy, is given by
xy

No. 1
30/8/02

= π λ xy 2 .
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, the average horizontal path

xy

(3)
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C
If P has relative speed Vrel
when it enters the infinite cylinder, it takes time

τ xy =

xy
C
Vrel

(4)

to pass through the cylinder. During this time P moves vertically a distance z = z × τ xy . Thus the effective
thickness of the cylinder representing a collision is

2λ z × 1 +

z

⋅

πλ xy

2λ z 2V relC

.

2.4
Thus, if the instantaneous vertical overlap probability of two aircraft of height z, nominally separated
vertically by distance hz when the horizontal overlap occurs, is given by Pz(hz), then
Prob{P enters C | P enters infinite cylinder} = Pz (hz ) × 1 +

since Pz(hz) may be assumed to vary linearly with

z

z

⋅

πλ xy

2λ z 2VrelC

(5)

over the small distances involved.

2.5
To convert from collisions per pair to fatal accidents per flight hour, we multiply by 2 × NP, where
NP is defined as the number of pairs per flight hour. Note that for longitudinal separation calculations, the
number of pairs is essentially the same as the number of aircraft, so in this case NP = 1/TC. For lateral separation
calculations for intersecting tracks this will not necessarily be the case. The most pairs that could be achieved
would occur when aircraft from one track interweave with aircraft on the other track in such a way that for every
aircraft that crosses the intersection, an aircraft on the other track crosses just before it and another aircraft on
the other track is the next to cross. This situation is not very likely, and in practice NP is often significantly
smaller than unity. Thus, to keep the model as general as possible, we introduce the factor NP and write the final
collision risk in units of fatal accidents per flight hour as

CR = 2 × NP × HOP(TC ) × Pz (h z ) × 1 +

2.6

z

⋅

πλ xy

2λ z 2VrelC

.

(6)

C
Note that in general Vrel
will depend on the separation minimum in use, the navigational accuracy of

the aircraft, the angle between the headings of the two aircraft, as well as the time between position reports, and
C
the communication and controller intervention buffer used. Vrel
is the relative speed of the two aircraft

conditional on a horizontal overlap taking place. It is not correct to take this as a fixed value, and previous
models (see, for example, references 1, 4, 5, 6, 10, 15, 16, 17) that used fixed values of x and y have been
in error.
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2.7
Note also that the model presented here does not require the two aircraft to be in level flight. All that
is required is an estimate of hz, the nominal vertical separation when the horizontal overlap occurs. If the two
aircraft are in level flight, then hz is just the nominal vertical separation. If hz is not known, an overestimate of
the collision risk may be obtained by using Pz(0) in equation 6 instead of Pz(hz) since Pz(0) Pz(hz) for any hz.

3.

HORIZONTAL OVERLAP PROBABILITY
3.1

General case

3.1.1
Consider a general situation where two aircraft are approaching an intersection on (in general)
different tracks as shown in Figure A-1-1. In the case of identical tracks, where = 0, the “intersection” is
actually a waypoint on their common track. In a procedural environment, we assume that some time prior to the
leading aircraft getting to the intersection, the controller would request distances to the intersection from both
pilots, the leading aircraft responding first, so the difference in the reported distances will be an underestimate
of the nominal separation. We let t = 0 be the time the pilot of the second aircraft provides this report. In an
ADS environment, we assume that the ground system or the controller measures from the possibly extrapolated
positions of each of the aircraft to the intersection. Only in the case of identical tracks is it possible to measure
the distance directly between the two aircraft. We let t = 0 be the time-stamp in the ADS position report that
was last received from either aircraft. When analysing ADS separation minima, we will assume that both
aircraft send their position reports at the same time. This is a conservative assumption because when the reports
are not simultaneous, the ADS system needs to extrapolate only to the report time of the next aircraft of the pair
to report. Since risk reduces substantially with decreasing extrapolation time, the effect of non-simultaneous
reports is to reduce the risk estimate.

y
Actual position of aircraft 1

Nominal position of aircraft 1

x

Actual position of aircraft 2
Nominal position of aircraft 2

Figure A-1-1.
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Nominal and actual positions of the aircraft at time t = 0
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We will denote the nominal distances to the intersection at time t = 0 of aircraft 1 and 2, respectively,

by d̂ and d̂20 . Then if

ε1A

and

ε2A

are the along-track errors of the two aircraft, and

ε1C

and

ε2C

are the

cross-track errors, the coordinates of the actual positions of the two aircraft at time t will be given by

x1 (t ) = − dˆ10 + ε 1A + V1t

(7)

y1(t) = ε1C

(8)

and

(

)

(9)

(

)

(10)

x 2 (t ) = − dˆ 20 − ε 2A cos θ − ε 2C sin θ + V2 t cos θ
y 2 (t ) = − dˆ 20 − ε 2A sin θ + ε 2C cos θ + V 2 t sin θ
where V1 and V2 are the true ground speeds of the two aircraft.
3.1.3

Now D(t), the distance between the centres of the two aircraft at time t, will be given by
D (t ) =

(x1 (t ) −

2
2
x 2 (t )) + ( y 1 (t ) − y 2 (t )) ,

(11)

and we wish to minimize D(t) for 0 t T + , where T is the time between periodic reports, and is the
communication and controller intervention buffer used previously (see references 1, 4, 5, 6, 10, 15, 16, 17). A
C
horizontal overlap will take place when Dmin
, the constrained minimum of D(t), is such that
C
Dmin
≤ λ xy .

(12)

Thus, the horizontal overlap probability is given by

{

}

C
HOP = Prob D min
≤ λ xy .

(13)

Note that D2(t) is a quadratic in t and has the form

D 2 (t ) = D 02 + 2 Bt + V rel2 t 2 .

(14)

D0 is the true distance between the two aircraft at time t = 0, where

D 02 = ∆ x 02 + ∆ y 02

(15)

and x0 and y0 are given by
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∆x0 ≡ x1(0) − x2 (0) = dˆ20 cosθ − dˆ10 + ε x

(16)

∆y0 ≡ y1 (0 ) − y2 (0 ) = dˆ20 sin θ + ε y .

(17)

and

The error terms

x

and

y

are defined by

ε x = ε 1A − ε 2A cos θ + ε 2C sin θ

(18)

ε y = ε 1C − ε 2C cos θ − ε 2A sin θ .

(19)

and

Vrel is the magnitude of the true relative velocity vector, given by

V rel = V12 + V 22 − 2V1V 2 cos θ

(20)

and B is given by

B = ∆ x0 (V1 − V2 cos θ ) − ∆ y0V2 sin θ .

(21)

Dmin, the unconstrained minimum of D(t), occurs when

t = t min = − B Vrel2

(22)

and after some algebraic manipulation can be written

D min =

∆x 0V 2 sin θ + ∆y 0 (V1 − V 2 cos θ )
V rel

.

(23)

When = 0 and V1 = V2, the above needs some special attention because Vrel = 0. In this case the true distance
between the aircraft is equal to D0 for all t.
3.1.4
If tmin is not in the range 0 to T + , the constrained minimum of D(t) will be larger than Dmin, and
because D(t) is a quadratic in t, we have the following:
If tmin < 0 then
If tmin > T +
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C
Dmin
= D0
C
then D min
= D(T + τ ) .
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Denoting the nominal ground speeds of the two aircraft by V̂1 and V̂2 , we define

v 1 = V 1 − Vˆ1

(24)

v 2 = V 2 − Vˆ2 .

(25)

and

3.1.6
Previously (see references 1, 4, 5, 6, 10, 15, 16, 17), we used the “unplanned relative velocity”, v,
which is just

v = v1 − v 2 .

(26)

This was satisfactory because only coincident tracks ( = 0) were being considered. For the model presented
in this appendix, we require individual speed differences from nominal, so we fitted the data used previously
for v by the convolution of two double exponential densities with mean zero and the same scale parameter, v.
In order to keep the ADS model essentially the same as the procedural model, we used the larger of the
parameters so obtained, and one obtained by fitting individual aircraft ground speed differences from nominal
(obtained from a sample of 10 318 ADS reports during 1994 and 2000). The value chosen was
v

= 5.82

(27)

3.1.7
For computational purposes, we assume ε1A , ε 2A , ε 1C and ε 2C are double exponential random variables
with mean zero and scale parameter n determined from the required navigation performance value. As
indicated above, we also assume that v1 and v2 are double exponential random variables with mean zero and
scale parameter v . Unfortunately, even with these assumptions it is not possible to write down a simple
algebraic form for HOP given in equation 13 except for the relatively simple cases of = 0 and = 180°.
3.1.8
Reference 3 proposed a Monte Carlo approach to numerically calculate HOP in the general cases. The
Monte Carlo method used importance sampling and took account of the symmetry of the probability density
functions to speed up the computations. Because of the small probabilities involved, it was necessary to
generate a large number of samples when using the Monte Carlo approach. For example, for the longitudinal
separation analyses, the equivalent of approximately 1011 or 100 × 109 samples were used.
3.1.9

C
One advantage of the Monte Carlo approach is that the correct value of Vrel
was estimated along with

the horizontal overlap probability. This was done by assuming that at the point of horizontal overlap the aircraft
each have a random lateral speed, y , whose probability density function can be approximated by a double
exponential probability density function. The scale parameter of this double exponential density was chosen
such that the convolution of two such densities in the identical track ( = 0) case would produce a value of

y = 20 , the value that has been used in previous analyses. Note that if the random variable y has a probability
density function that is the convolution of two identical double exponential probability density functions with
scale parameter , then y = 3λ 2 . Thus reference 3 chose
= 40/3 .

(28)
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3.1.10 An alternative to the Monte Carlo approach is the numerical technique described in reference 18. The
results presented later in this appendix are based on this numerical technique. Although reference 18 does not
provide a value for

VrelC , this is not a serious problem in practice. As will be shown below, for = 0 it is

possible to derive a theoretical value. This value will suffice for angles smaller that 15 degrees. For larger
angles, Vrel, given by equation 20, will be accurate enough. Note that

VrelC only enters into the last factor of

equation 6, and in general the factor is only slightly larger than unity, so high accuracy is not necessary.

3.2

Same track longitudinal separation

3.2.1
In this case we split the oceanic crossing into m reporting periods of duration T flying hours so that
TC = mT. We assume that the risk of collision in each reporting interval is the same so that the total risk is just
m times the risk of collision in any one interval. Assuming the two aircraft are at the same nominal level,
equation 6 can be written
CR =

z πλ xy
2
× HOP (T + τ ) × Pz (0 ) × 1 +
⋅
T
2 λ z 2V relC

(29)

where HOP(T + ) is the horizontal overlap during a time equal to one reporting period plus the communication
and controller intervention buffer used previously (see references 1, 4, 5, 6, 10, 15, 16, 17), and we have used
NP = 1/TC = 1/mT. If two aircraft have significantly different nominal speeds, the assumption that the total risk
for the oceanic crossing will be m times that for one reporting period will be somewhat pessimistic because the
aircraft may only constitute a pair for less than m reporting periods.
3.2.2
When the numerical calculations indicate that the risk is largest for = 0, then it will be more accurate
to use the following good approximation to the horizontal overlap probability HOP. By taking = 0 in
equations 7, 8, 9 and 10, we can obtain
x1 (t ) − x 2 (t ) = dˆ 20 − dˆ10 + ε 1A − ε 2A + (V1 − V 2 ) t

(30)

y 1 (t ) − y 2 (t ) = ε 1C − ε 2C .

(31)

and

3.2.3
Treating the x and y directions independently and taking t = T + , since it maximizes the risk in this
case, we can approximate the horizontal overlap probability by the product of the probability the aircraft are
in longitudinal overlap or out of order at time t = T + and the lateral overlap probability. Thus
HOP = LOP × Py (0)

(32)

where Py(0) is the lateral overlap probability of two aircraft with wingspan y = xy, which are nominally on the
same (identical) track, and the longitudinal overlap probability, LOP, is given by
No. 1
30/8/02

Appendix 1. A general collision risk model for distance-based separation
on intersecting and coincident tracks

{

35D

}

LOP ≈ Prob x1 (T + τ ) − x 2 (T + τ ) ≤ λ xy .

(33)

The approximation is quite good unless T + is significantly smaller than the values used in section 4.
3.2.4

The nominal longitudinal separation at time t = T + is given by

(

)

Sˆ = dˆ 20 − dˆ10 + Vˆ1 − Vˆ2 (T + τ ) ,

(34)

x1 (T + τ ) − x 2 (T + τ ) = Sˆ + ε 1A − ε 2A + (v1 − v 2 )(T + τ ) .

(35)

so

3.2.5

Using this result in equation 33 and carrying out the convolution involved, assuming the distribution

of Ŝ is uniform between the limits A and B, where B is very much larger than A, we obtain:

LOP ≈

λ xy − A
λ xy − A
1
2
S 1 λ n β 2 exp
+ S 2 λ 2 (1 − β ) exp
4(B − A )
λn
λ2

(36)

where
n

= RNP/2.995732,

(37)

2

=

(38)

v

× (T + ),

β = λ 2n
S1 =

(λ

2
n

A − λ xy

λn

)

− λ 22 ,

(39)

+ 3 + 4 (1 − β ) ,

(40)

and

S2 =

A − λ xy

λ2

+ 3 + 4β .

(41)

Note that, in general, the nominal longitudinal separation at time t is given by

Sˆ (t ) = dˆ 2 (t ) − dˆ 1 (t )

(42)

where dˆ1 (t ) and dˆ2 (t ) are the nominal distances to the intersection at time t, given by
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dˆ1 (t ) = dˆ10 + Vˆ1 t

(43)

dˆ 2 (t ) = dˆ 20 + Vˆ 2 t .

(44)

and

3.2.6
We assume that if Vˆ2 > Vˆ1 , the controller will increase the separation between the aircraft at time t = 0
if necessary to ensure that the aircraft will still be correctly separated after time T + . If, on the other hand,
Vˆ2 < Vˆ1 , the leading aircraft is nominally faster than the trailing one, and the risk of collision will be substantially
reduced. For these reasons, as well as the one stated above concerning the sum of the risks in each reporting
interval, for calculation purposes we will conservatively assume that the nominal speeds of the two aircraft are
the same. For computational purposes, we also assume that Ŝ (0) is a random variable whose probability density
function is a uniform density between the distance-based longitudinal separation minimum Sx and Sx + 250
(nautical miles). When = 0 this implies that A = Sx and B = Sx + 250.

3.2.7

C
As mentioned previously, when = 0 it is also possible to derive a mathematical expression for Vrel
.

By definition

V relC =

(

E w | s + w ≤ λ xy

)

(45)

T +τ

where E denotes the expected value, s = Sˆ + ε 1A − ε 2A , w = v (T + τ ) and v = v1 − v 2 as in equation 26. The
conditional density of w is given by

(

)

(

)

g w | s + w ≤ λ xy = g (w)H λ xy − w LOP

(46)

where

g (w ) =

1
4λ 2

exp (− w λ 2 )⋅ ( w λ 2 + 1) ,

(47)

and

λ1

H (s ) =
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4(B − A)

exp

s− A

λ1

⋅

A− s

λ1

+3 ,

for s ≤ A

λ1
s− A
A−s
s− A
+
exp
⋅
+ 3 , for A < s << B.
B − A 4(B − A)
λ1
λ1

(48)
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Therefore

VrelC ≈

∞

(

)

vg(v)H λ xy − v dv

v =− M

(T + τ ) ⋅ LOP ,

(49)

where M satisfies A << M << B.
C
Although it is possible to write down an analytical expression for Vrel
, the expression is quite
complicated. A simpler approach that is accurate enough for this purpose is to use numerical integration with
M = Sx + 50. We also replace the upper integral limit by zero since the contribution from positive v values is
negligible. Typical values obtained using this expression are given in section 4.

3.2.8

3.3

Reciprocal track longitudinal separation for ADS

3.3.1
The situation considered here is when two ADS-equipped aircraft pass each other at different levels
on intersecting tracks. When it is determined, by measuring between the (possibly extrapolated) position
symbols and the intersection for both aircraft, that the first aircraft is at least the distance-based longitudinal
separation minimum Sx further from the intersection than the second aircraft, then either aircraft may climb or
descend through the level of the other. This situation is depicted in Figures A-1-2 and A-1-3. In Figure A-1-2,
Sz is the applicable vertical separation minimum. In RVSM airspace, Sz will be 1 000 feet, and in other airspace
Sz will be 2 000 feet. We will take a worse-case situation and assume that the level change commences as soon
as the nominal distance separation is achieved. Without loss of generality we assume aircraft 2 changes level.
We will also assume that the level change commences when aircraft 2 is nominally time TCL/2 from the
intersection, where TCL is the time to climb or descend two vertical separation minima. Thus as aircraft 2
nominally crosses the intersection it will nominally be at the same level as aircraft 1.
3.3.2

The basic mathematics is identical to the general case detailed previously, with sign changes to d̂ 20 ,

ε 1A , ε 2A , ε 2C , ε 2C , V1 and V2. A change from the same track model is that we do not use the communication and
controller intervention buffer in the reciprocal track analysis. It is assumed that if the controller is unable to
contact the aircraft, or if the last ADS position report from either aircraft has been lost, the controller would
demand an ADS report and/or contact the aircraft. Also, because aircraft 2 could start the level change at any
time between ADS position reports, we will find the point of closest approach for t in the interval tˆ2 − TCL 4
to tˆ2 + TCL 4 , and maximize the risk for tˆ2 = dˆ 20 Vˆ2 between 0 and T.
3.3.3
The rationale for this is that after the level change commences, and while aircraft 2 is nominally
separated vertically from aircraft 1 by more than half a vertical separation minimum, the vertical overlap
probability will be small enough so that, in combination with the lateral overlap probability, the risk of collision
will be negligible.
3.3.4
Note that for aircraft satisfying the RVSM MASPS, the vertical overlap probability of two aircraft that
are nominally separated vertically by 500 feet is approximately 5.6 × 10 4. For aircraft not satisfying the RVSM
MASPS, the vertical overlap probability of two such aircraft nominally separated vertically by 1 000 feet is
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Sx
Sz

1

Sz

2

Sz
Sz

Figure A-1-2.

Side view of the reciprocal track scenario

y
Actual position of aircraft 1

Nominal position of aircraft 1

Actual position of aircraft 2

Nominal position of aircraft 2

Figure A-1-3. Nominal and actual positions of aircraft
at time t = 0 (reciprocal tracks)
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approximately 9.3 × 10 6. These values are based on modelling the vertical errors by Gaussian-double
exponential mix densities as in reference 8. In the calculations we use Pz(0) for the vertical overlap probability
because the actual nominal vertical separation when a horizontal overlap occurs is not known, and as explained
in section 2, Pz(0) gives an overestimate of the collision risk.
3.3.5
A further change from the same track model is that instead of assuming the initial separation between
the aircraft is a random variable with a uniform probability density, as in the previous section, we assume, as
mentioned above, that the second aircraft will commence its level change as soon as the first aircraft is the
longitudinal separation minimum Sx further from the intersection than the second aircraft (and getting further
away).
3.3.6
The final item that requires some discussion is the value of NP, the number of pairs per flight hour.
For longitudinal distance-based separation, as explained above, the appropriate value is 1/T. We will assume
for the type of procedure that we are analysing here that aircraft would not be changing levels in this manner
more frequently than once every reporting period and hence use the same factor, although this is almost
certainly overly pessimistic. The collision risk equation in this case is then the same as equation 29, with the
changes mentioned above.
3.3.7
If, as indeed will turn out to be the case, the risk is maximized for = 180°, then it is possible to
produce a good approximation to the horizontal overlap probability HOP in a similar manner as we did
previously for = 0. By taking = 180° and changing the sign of d̂ 10 in equations 7, 8, 9 and 10, we can obtain

x1 (t ) − x 2 (t ) = dˆ10 − dˆ 20 + ε 1A + ε 2A + (V1 + V2 ) t

(50)

y 1 (t ) − y 2 (t ) = ε 1C + ε 2C

(51)

and
.

3.3.8
Treating the x and y directions independently, and taking tˆ2 = T , since it maximizes the risk in this
case, we can approximate the horizontal overlap probability by the product of the probability the aircraft are
in longitudinal overlap or out of order at time T TCL/4 and the lateral overlap probability Py(0). Thus

{

}

HOP ≈ Prob x 2 (T − TCL 4 ) − x1 (T − TCL 4 ) ≤ λ xy × P y (0 ) .
3.3.9

The nominal longitudinal separation at time T

(

(52)

TCL/4 is given by

)

T
Sˆ = S x + CL Vˆ1 + Vˆ2 ,
4

(53)

x1 (T − TCL 4 ) − x 2 (T − TCL 4 ) = Sˆ + ε 1A + ε 2A + (v1 + v 2 )(T − TCL 4 ) .

(54)

so
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3.3.10 Using this result in equation 52 and carrying out the convolution involved in the longitudinal overlap
term, we obtain

HOP =

Py (0 )
4

S 1 β 2 exp

− Sˆ + λ xy

λn

+ S 2 (1 − β ) exp
2

− Sˆ + λ xy

λ2

,

(55)

where,
, = RNP/2.995732,

(56)

=

TCL/4),

(57)

β = λ2n (λ2n − λ22 ) ,

(58)

n

2

S1 =

,× (T

v

Sˆ − λ xy

λn

+ 2 + 4 (1 − β ) ,

(59)

+ 2 + 4β .

(60)

and

S2 =

Sˆ − λ xy

λ2

3.4

Lateral separation on intersecting tracks

3.4.1
Several versions of a mathematical methodology applicable to intersecting tracks have been presented
previously (see references 2, 7 and 9). Considerable debate has taken place as to the validity of those
methodologies. As a result of that debate the present methodology is based on the more robust methodology
presented in section 3.1.
3.4.2
Lateral separation of aircraft on intersecting tracks is based on the concept of a defined area of conflict
around the intersection. The area of conflict is a quadrilateral (see Figure A-1-4), the corners of which are
known as lateral separation points, defined as the points on a track where the perpendicular distance to the other
track is equal to the lateral separation minimum, which we will denote Sy. Lateral separation is achieved by the
controller ensuring that two aircraft will not be simultaneously within the area of conflict at the same level.
3.4.3
Suppose two aircraft are both approaching the intersection as in Figure A-1-5. We will assume that
aircraft 1 will (nominally) get to the intersection first. A distance-based procedure for ensuring the aircraft are
laterally separated is for the controller to ask both pilots for distances to the intersection before it is estimated
that the second aircraft will get within, say, half a longitudinal separation minimum of the lateral separation
point it is approaching. As with longitudinal separation, in a procedural environment, the controller should
ensure an underestimate of the nominal separation by ensuring the leading aircraft responds first.
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Area of conflict

Sy

Sy

LEGEND
Lateral separation points

Figure A-1-4.

Lateral separation points and the area of conflict

3.4.4
In an ADS environment the estimates may be based on (possibly extrapolated) position information.
Based on reported or calculated distances to the intersection, the nominal ground speeds of the two aircraft, and
the known reporting time, the controller calculates t2E , the time of entry of aircraft 2 into the area of conflict,
and t1E and t1L , the times of entry and exit of aircraft 1 to and from the area of conflict. If t1E ≤ t 2E ≤ t1L , then
the aircraft will be simultaneously in the area of conflict at some time, and so aircraft 2 will be required to be
at a vertically separated level by the lateral separation point. Note that some States, for example Australia,
require the second aircraft to be at a vertically separated level by distance Sx /2 from the lateral separation point,
or, equivalently, by distance + S x 2 from the intersection, where , the distance of the lateral separation point
from the intersection, is determined from

= S y sin θ .

(61)

3.4.5
This appendix, however, does not use this extra requirement, assuming only that the aircraft will not
be permitted to be simultaneously in the area of conflict at the same level. The results presented in section 4
indicate that the target level of safety will be met without it.
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1

2

Figure A-1-5.

3.4.6

Both aircraft approaching the area of conflict

There are two different cases to deal with here:
a) Both aircraft approaching the area of conflict. For the analysis of this situation, we will take as
a worse case that both aircraft have equal nominal speeds and are nominally as close as possible
after time T + . Thus we assume that at time t = 0 that

dˆ10 = + Vˆ1 (T +τ )

(62)

dˆ 20 = dˆ10 .

(63)

and

Because the aircraft could report at any time prior to entering the area of conflict, we take the
maximum risk value with respect to T. Note that, in reality, aircraft 2 would be required to be at
a vertically separated level by distance from the intersection, but we conservatively assume that
it is at the same level as aircraft 1 until it is distance
from the intersection and then is
instantaneously at a vertically separated level. The situation is shown in Figure A-1-5. The
analysis of this situation is similar to that for longitudinal separation, except that the nominal
No. 1
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distances of the aircraft to the intersection at time t = 0 are different. The value of NP in the basic
collision risk model also needs some discussion here. The worse case would be that every aircraft
on one track is paired with an aircraft on the other track. Clearly they could be, but not all pairs
would then be at the minimum separation considered for this analysis. In fact, on average, the
difference in nominal distances of the pairs to the intersection would be at least Sx/2. Further, as
pointed out in section 2, in practice NP is often significantly smaller than 1.
b) One aircraft leaving the area of conflict as another is entering. This situation is depicted in
Figure A-1-6. The analysis is the same as for the basic case, but, of course, the nominal separation
is different. As a worse case we will assume both aircraft are nominally at the same level and that
aircraft 1 is nominally leaving the area of conflict as aircraft 2 is entering. Thus, we take

dˆ10 = Vˆ1T

(64)

and

(

dˆ 20 = Vˆ2 T + × 1 + Vˆ2 Vˆ1

).

(65)

1

2

Figure A-1-6.

One aircraft leaving the area of conflict as another is entering
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To maximize the risk over all possible reporting times, we assume the aircraft report when aircraft
1 is time T before the intersection, and we maximize the risk over two reporting periods. Note that
when the angle of intersection is 45 (or 135) degrees, it typically takes less than 20 minutes for
an aircraft to traverse the area of conflict when the lateral separation minimum is 50 NM, and less
than 11 minutes when the lateral minimum is 30 NM.

4.
4.1

RESULTS
General

4.1.1
The results in this appendix were computed under essentially the same assumptions as for references
4, 8, 9 and 10, except for the following:
a) The Mach number technique is no longer assumed, although obviously controllers will still apply
speed control to aircraft if required. Individual aircraft speed uncertainty is assumed to follow a
double exponential probability density function, as explained in section 3.1.
b) Aircraft are assumed to be cylinders of diameter xy and z height. RNP 10 aircraft will be
assumed to be of diameter 192.2 feet and height 54.8 feet, whereas RNP 4 aircraft will be
assumed to be of diameter 231.8 feet and height 63.4 feet.
c) Because of the widespread use of RVSM, the assumed value of Pz(0) has been increased to 0.48
for RNP 10 aircraft and 0.55 for RNP 4 aircraft.
C
d) The equivalent of x and y , namely Vrel
is used in the calculations. As noted above, in general

the value depends on the separation minimum in use, the value of T + , the RNP value of the
aircraft, as well as the angle between the tracks of the two aircraft. When the risk is largest at
= 0, we use the theoretical value given by equation 49. Typical values are presented in
Table A-1-1 for RNP 4. When is close to zero (less than 15 degrees) we use the values in
Table A-1-1. When is not close to zero, sufficient accuracy may be obtained by using the
unconditional relative velocity, i.e.

V relC =

V 1 2 + V 22 − 2V 1V 2 cos θ

Table A-1-1.
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C
values for = 0, RNP4
Vrel

T = 32 min, Sx = 50 NM

T = 14 min, Sx = 30 NM

= 4 min

91.9 kt

87.7 kt

= 10.5 min

80.5 kt

76.6 kt

= 13.5 min

76.2 kt

71.1 kt
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4.1.2
Note that, in particular, we calculate the risk for two values of the communication and controller
intervention buffer for procedural separation, namely = 6 minutes and = 12.5 minutes, and for three values
for ADS, namely = 4 minutes, = 10.5 minutes and = 13.5 minutes. As explained in references 4 and 10,
the final risk estimate is computed as a weighted average of the risk values for the separate values in the
following way:
a) Procedural separation:
Estimate = 0.95 × CR( = 6) + 0.05 × CR( = 12.5)
b) ADS separation:
Estimate = 0.95 × (0.95 × CR( = 4) + 0.05 × CR( = 10.5) + 0.05 × CR( = 13.5).
4.1.2.1

We also use a general value of z = 1.5 knots for RNP 10 analyses and z = 1.0 for RNP 4, except

for the reciprocal track analysis where we use z = 5.0 since one of the aircraft is changing levels.

4.2

Longitudinal separation

The RNP 10 results presented in Table A-1-2 for procedural separation were computed assuming a reporting
interval of 24 minutes, whereas the ADS results in Table A-1-3 assumed 27 minutes. The RNP 4 results in
Table A-1-4 were computed using a reporting interval of 14 minutes for a 30 NM separation minimum and
32 minutes for a 50 NM minimum. These values are different to those proposed previously for several reasons.
One is the change in the basic collision risk model to take proper account of non-identical tracks. The
calculations that were carried out indicated that the risk generally increases with the track intersection angle
, except for RNP 4 and the larger T + values, where the opposite was the case. In some cases for RNP 10
the risk near = 45 degrees was almost three times that for = 0. Another reason for the differences from
previous results is the use of significantly larger values for the vertical overlap probability, as explained above.

Table A-1-2. Results for RNP 10 procedural longitudinal separation
(The risk figures are in units of fatal accidents per flight hour)
Separation
minimum
(NM)

Required
navigation
performance

Maximum
reporting period
(min)

Risk for
= 6 min

Risk for
= 12.5 min

50

10

24

4.9 × 10-9

5.8 × 10-9

Weighted
average risk
4.9 × 10-9
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Table A-1-3. Results for RNP 10 ADS separation
(The risk figures are in units of fatal accidents per flight hour)
Separation
minimum
(NM)

Required
navigation
performance

Maximum
reporting period
(min)

Risk for
= 4 min

50

10

27

4.0 × 10-9

Risk for
= 10.5 min

Risk for
= 13.5 min

8.2 × 10-9

8.2 × 10-9

Weighted
average risk
4.4 × 10-9

Table A-1-4. Results for RNP 4 ADS separation
(The risk figures are in units of fatal accidents per flight hour)
Separation
minimum
(NM)

Required
navigation
performance

Maximum
reporting period
(min)

Risk for
= 4 min

30

4

14

50

4

32

Risk for
= 10.5 min

Risk for
= 13.5 min

Weighted
average risk

3.6 × 10-10

1.6 × 10-8

5.7 × 10-8

3.9 × 10-9

1.4 × 10-9

1.3 × 10-8

2.8 × 10-8

3.3 × 10-9

Table A-1-5. Results for ADS reciprocal track longitudinal separation
(The risk figures are in units of fatal accidents per flight hour)
Required
navigation
performance

Longitudinal
separation
minimum (NM)

10

50

2 000

27

8

1.7 × 10-10

10

50

1 000

27

4

3.2 × 10-9

4

30

2 000

14

8

3.9 × 10-16

4

30

1 000

14

4

1.1 × 10-12

4.3

Vertical
separation
Maximum ADS
Time to change
minimum (ft) reporting period (min)
level (min)

Risk estimate

Reciprocal track longitudinal separation for ADS

As mentioned in section 3.3, it turns out that the risk for this case was maximized at = 180°. Therefore we
can use the results based on the analytical formula given in equation 55. The results are presented in
Table A-1-4. Again, the RNP 10 results use a vertical overlap probability of 0.48 and the RNP 4 results use a
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value of 0.55. Also, because one aircraft is changing levels we use a z value of 5 knots. This is approximately
500 feet per minute, a typical climb performance. The figures quoted in Table A-1-5 are for nominal aircraft
speeds of 300 knots because that gives the largest risk values, although it is most unlikely that both aircraft
would have ground speeds this slow if they were on reciprocal tracks. The results were calculated for one
reporting period for each RNP value because, the larger the reporting period, the larger the risk due to the larger
extrapolation errors. It was also assumed that in RVSM airspace the level change would take 4 minutes, and
in conventional airspace this would take 8 minutes.

4.4

Lateral separation

The results for both parts of this section have been calculated assuming a value for NP, the number of pairs per
flight hour, of 0.5. An analysis of aircraft reporting times at intersections in the Tasman Sea area, based on both
historical data from 1993 and 1994, as well as simulated data based on six weeks of flight plans from 1998 and
1999, gives an NP value of approximately 0.02 over all intersections. Thus the results presented should be
conservative by a factor of approximately 25 for the Tasman and therefore should also be applicable to airspace
that has significantly more traffic than the Tasman. Note that the NP factor allows for aircraft that take part in
multiple pairings at various intersections as they traverse the airspace. Note also that all pairs are assumed to
be at minimum separation. This again is somewhat conservative.
a) Both aircraft entering the area of conflict. The results based on the methodology of reference 18
are given in Table A-1-6. Computations were carried out for angles between 15 and 135 degrees.
The risk was largest at = 15 degrees.
b) One aircraft entering the area of conflict as another is leaving. The results given in Table A-1-7
were computed using a variety of combinations of aircraft speeds as shown. Calculations were
carried out for angles between 15 and 135 degrees. For RNP 10 the risk was maximized at
= 135 degrees in all cases; however this was not always the case for RNP 4.

Table A-1-6. Results for lateral separation of aircraft on intersecting tracks,
where both aircraft are approaching the area of conflict
(The risk figures are in units of fatal accidents per flight hour)
Required
navigation
performance

Lateral
separation
minimum (NM)

Maximum
reporting period
(min)

Estimated risk

10

50

24

1.1 × 10-9

10

50

27

1.1 × 10-9

4

30

14

4.4 × 10-13
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Table A-1-7. Results for lateral separation of aircraft on intersecting tracks,
where one aircraft is entering area of conflict while another is leaving
(The risk figures are in units of fatal accidents per flight hour)

Nominal speed of
first aircraft (kt)

Nominal speed
of second
aircraft
(kt)

Estimated risk

27

300

600

2.4 × 10-9

50

27

480

480

1.4 × 10-9

10

50

27

300

300

1.7 × 10-9

10

50

27

600

300

1.6 × 10-9

4

30

14

300

600

6.4 × 10-11

4

30

14

480

480

3.0 × 10-11

4

30

14

300

300

2.2 × 10-12

4

30

14

600

300

3.6 × 10-13

Required
navigation
performance

Lateral
separation
minimum (NM)

Maximum
reporting period
(min)

10

50

10
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Appendix 13
ANALYSIS TO DERIVE LATERAL NAVIGATION
PERFORMANCE REQUIREMENTS FOR THE NORTH
PACIFIC (NOPAC) ROUTE SYSTEM FOR 50 NM
SPACING BETWEEN PARALLEL ROUTES

1.
In assessing the navigational performance required to achieve reduced lateral separations between
adjacent North Pacific (NOPAC) routes, the United States Federal Aviation Administration (FAA) applied the
well-known Reich collision risk model, described in the Air Traffic Services Planning Manual (Doc 9426),
Part II, Section 2. The mathematical notation used in this appendix follows that of the manual.
2.

The initial step in applying the model was to determine relevant occupancies. North Pacific (NOPAC)

estimates from 1985 gave Px(same) = 7.73 × 10 6 and Px(opp) = 9.59 × 10 6. Applying the relation

,

with the longitudinal interval Sx = 120 NM and aircraft length x = 0.0382 NM, resulted in Ey(same) = .049 and
Ey(opp) = .060. The relevant speed parameters (all measured in kt) had the values
= 29,

= 42.22,

= 1.5, and V = 480.

Average aircraft wingspan, y, was 0.0351 NM, and average height, z, was 0.0105 NM. The resulting value
of Ksame was then 1 052.43, and that of Kopp was 13 238.3. The relation

yielded the value Ey(same)equivalent = 0.806. To account for growth from 1985 to 1995, analysts assumed an
annual growth rate of 6 per cent. Over a ten-year period, that rate gave rise to an inflator of (1.06)10 = 1.79.
Since there was a slight downturn in traffic growth in 1990 and 1991, and since growth in occupancy lags
somewhat behind traffic growth, the inflator probably overstated the expected 1995 level of occupancy and thus
allowed for conservative risk estimates during the following few years of NOPAC operation. Multiplying the
1985 value of Ey(same)equivalent by the inflator yielded a 1995 value of Ey(same)equivalent equal to 1.44. To account
for the possibility of a small amount of opposite-direction traffic, Ey(opp)equivalent was taken to be 1 per cent of
Ey(same)equivalent , i.e. 0.014.
3.
As written in the ATS Planning Manual, Part II, Section 2, Chapter 4, Appendix C, the number of
accidents due to loss of planned lateral separation, in 10 million flying hours, is
113
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.
FAA analysts used the 1995 values of Ey(same)equivalent and Ey(opp)equivalent to respectively represent Ey(same) and
Ey(opp) in this basic equation. They took the value of Pz(0) to be 0.38, and the values of all other parameters
on the right side of the equation, except Py(S), were those given above. Taking a maximum tolerable value of
0.2 for Nay, they then solved to obtain a maximum tolerable lateral overlap probability Py(S) = 9.66 × 10 8.
4.
For many years aircraft lateral errors have been modelled as double double exponential (DDE) random
variables. The probability density function of a DDE random variable has the form

in which the parameters , 1 and 2 satisfy the conditions 0 < < 1, and 0 < 1 < 2. When two parallel routes
are separated by a distance S, the probability that aeroplanes assigned to different routes have laterally
overlapping positions is

The sum enclosed in rectangular brackets on the right side of this equation consists of three terms of which the
second,

, contributes very little. The first term,

, dominates the sum

when 1 is more than (approximately) S/15. However, in September 1992, the Review of the General Concept
of Separation Panel (RGCSP) Working Group A determined that required navigation performance (RNP) for
oceanic flight should be set small enough to keep 1 well below that value (preferably no more than S/18) and
thus reduce the influence of the first term to a negligible amount. The result of this approach, therefore, is to
render the third term dominant. That is, when RNP is less than S/6, the three-term sum in brackets consists
almost entirely of the term
small, whenever
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. Furthermore, since

is normally quite

is small, the third term can be approximated quite accurately by the simpler expression

Appendix 13. Analysis to derive lateral navigation performance requirements
for the North Pacific (NOPAC) route system for 50 NM spacing between parallel routes

. Under those circumstances, Py(S)
which occurs at
value

2

= S. Its value there is

. As a function of
. By choosing

= S,

2
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,

has one local maximum,

can conservatively be taken to have the

= .000187.

5.
As was mentioned above, aircraft using parallel routes separated by 50 NM should meet an RNP of
50/6 NM. Since the RGCSP preferred integer values of RNP, FAA analysts assumed that the RNP of such a
route system would be the next smallest integer, i.e. 8 NM. The corresponding value of

1

is

Thus if the lateral errors of the fleet using the route system are characterized by a DDE density, its parameters
must be no worse than = 0.000187, 1 = 2.6705, and 2 = 50.
6.
It is possible to express the navigational performance required for operation in the planned route
system in somewhat simpler terms. The value of 1 corresponds to a standard deviation of typical lateral errors
of
, or 3.78 NM. The gross error performance can also be described more simply. As is done in North
Atlantic minimum navigation performance specification (MNPS) airspace, aircraft could be constrained to
spend all but a certain proportion, , of their flying time within one-half separation standard (i.e. within S/2)
of their route centre lines, and they could be constrained to spend all but another proportion of their flying time,
, more than some established distance (e.g. 10 NM) away from either adjacent route’s centre line. By
integrating the DDE density function specified above, between appropriate limits (i.e. by evaluating the DDE
distribution function at appropriate points), FAA analysts found the values of and to be = 1.994 10 4
2.0 10 4 and = 2.802 10 5 2.8 10 5. Table A-13-1 summarizes the two (equivalent) means of describing
the navigational performance required of the NOPAC fleet in order for Nay, the number of accidents expected
in 10 million NOPAC flight hours, to remain less than the maximum tolerable value of 0.2.

Table A-13-1. Two (equivalent) means of describing
the navigational performance required of the NOPAC fleet
DDE distribution
Navigation constraint

= 0.000187
RNP = 8 NM

1

= 2.67 NM

= 2.0 x 10

4

2

= 50 NM

= 2.8 x 10

5
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Appendix 14
ESTIMATING OCCUPANCY AND THE RATE OF
ACCIDENTS DUE TO THE LOSS OF PLANNED
LATERAL SEPARATION FOR THE INDIVIDUAL
COMPONENTS OF A SYSTEM OF PARALLEL ROUTES

1.

INTRODUCTION

The North Atlantic Organized Track System (NAT OTS) consists of two sets of one-way routes, adjusted each
day so that eastbound traffic takes advantage of the jet stream, and westbound traffic avoids it. In practice the
NAT OTS functions as two systems, each with about a half-dozen parallel routes. When computing occupancy
for each set of routes, analysts examine traffic records, typically for the fourth and fifteenth days of each month.
They note the number of flights that passed some chosen longitude (e.g. 30°W or 40°W) and the time at which
each flight passed that longitude. If two aircraft were assigned to adjacent routes at the same flight level and
passed the chosen longitude within 15 minutes of each other, they make up a “proximate pair”. Ignoring the
effect of “random” traffic — which is not relevant to the present discussion — we note that a route system’s
occupancy is computed as twice the number of proximate pairs, divided by the number of flights that passed
the chosen longitude. We especially note that occupancy is computed for an entire one-way route system.
Though there does not seem to be any impediment to sorting the data so as to compute occupancies for specific
pairs of adjacent flight paths, such computations are not routinely carried out by the air traffic authorities that
produce occupancy statistics. This appendix first suggests a method of estimating occupancies for pairs of paths
by using the occupancy of the entire system and the relative distribution of traffic over the system’s flight paths.
The path-pair occupancies are then used to derive expressions for the accident rates of the path pairs and for
the accident rates of individual paths, flight levels and routes. This appendix shows the weighting factors that
must be applied to flight hourly accident rates in order for them to be added to each other, and it demonstrates
that the rates derived for individual paths, path pairs, flight levels and routes are consistent with the accident
rate computed (by the Reich model) for the entire system.

2.

NOTATION AND BASIC RELATIONSHIPS

2.1
We assume that a one-way system of parallel oceanic air routes consists of n routes, R1, ..., Rn, each
operating on the same m flight levels, L1, ..., Lm. We let Pi,j denote the flight path which is the restriction of route
Rj to flight level Li. We assume that the average time needed for an aeroplane to cross the ocean does not vary
with the aeroplane’s assigned route, and we let T (hours) denote that time.
2.2
We let O denote the occupancy of the entire system, f the number of flights that passed the chosen
longitude, and p the number of proximate pairs. Thus (ignoring “random” traffic) the occupancy computation
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. Reports of occupancy computations normally indicate the observed values of f

and p, as well as the value of O derived from them.
2.3
We parenthetically note that Appendix 13 derives another method of computing occupancy, viz. the
method given in the Air Traffic Services Planning Manual (Doc 9426). Doc 9426 defines occupancy to mean
twice the ratio of route-system proximity time to route-system flight time, but it is easy to see that this definition
is essentially equivalent to the definition in 1.1 and 2.2. By virtue of the “snapshot” principle (the uniformity
assumption that underlies much of collision risk theory for systems of parallel routes) the number of observed
pairs, p, is the same at any observation point along the route system (though the specific pairs observed at one
point are not necessarily the ones observed at another point). Since T denotes the number of hours needed to
traverse the ocean on any of the system’s routes, we see that there are pT hours of proximity time and fT hours
of flight time during the observation period. Thus twice the ratio of proximity time to flight time is simply
, or

(QED).

2.4
Given a pair of adjacent paths at the same altitude, Pi,j and Pi,j+1 (1 i m, 1 j n 1), we let Oi,j
denote their occupancy. We do not know the number of flights counted on each path, but it can nonetheless be
given a name. We let fi,j be the number of flights that passed the chosen longitude while assigned to path Pi,j
(1 i m, 1 j n), and we let pi,j be the number of proximate pairs that consisted of one aeroplane from Pi,j
and one aeroplane from Pi,j+1 (1 i m, 1 j n 1). Though we do not know the numerical values of the fi,j
and pi,j, we do know that every flight is on exactly one path so that
belongs to exactly one pair of adjacent paths so that

3.

, and every proximate pair

.

OCCUPANCY OF A SPECIFIC
PAIR OF PATHS

3.1
Restricting our attention to a particular pair of adjacent paths at the same flight level, Pk,l and Pk,l+1, we
compute the pair’s occupancy as twice the number of proximate (aircraft) pairs having one member from each
path, divided by the total number of flights on the two paths. That is:
Ok,l

,

provided that fk,l and fk,l+1 are not both 0. If they are both 0, we take Ok,l to be 0, since it would not make sense
to imagine non-zero occupancy for a pair of paths that do not have any traffic.
3.2
Lacking empirical knowledge of the numbers pi,j, we can nevertheless make a reasonable assumption
as to their distribution. We expect pk,l , the number of proximate aircraft pairs associated with paths Pk,l and Pk,l+1,
to be proportional to fk,l fk,l+1 , the product of the traffic levels realized on those two paths. In particular, we
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assume that pk,l

If fk,l = 0 or fk,l+1 = 0, then pk,l must be 0, and in that case Ok,l must also

be 0, which agrees with our intuitive understanding that a path pair exhibits zero occupancy when either of its
members does not have any traffic. In the rest of this appendix we assume that fk,l and fk,l+1 are both non-zero.
3.3
The assumption of proportionality in the last paragraph is an approximation whose accuracy needs to
be determined by empirical studies. In particular we note that in any data collection the numbers of proximate
pairs, pi,j , would be integers, yet we have no guarantee that the formula for pk,l will yield an integer. However,
the formula does satisfy the conservation criterion stated as the last equation of the previous section:

3.4

In order to develop an expression for Ok,l in terms of O, we adopt a simplifying notation. For each path

Pi,j , let ri,j denote the quotient

. Each ri,j is then the fraction of the route system’s traffic that travelled on

path Pi,j , so

Recalling the expression for Ok,l in 3.1, we apply this new notation to the factor

, rewriting it as

. We also take advantage of this notation to rewrite the number of proximate pairs

belonging to each path pair:

pk,l =

=

=

.

At least one pair of adjacent flight paths must have positive traffic loads on both of its paths (otherwise there
is no occupancy to compute) so in the denominator at least one term, ri,j ri,j+1, is positive, and we can be sure
that the denominator is non-zero.
3.5
We can now substitute the expressions derived in the last three paragraphs into the expression for Ok,l
that was given in 3.1. We find that
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3.6

Finally, recalling from 2.2 that
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.

is O, the occupancy computed for the entire route system, we write

Ok,l =

3.7

For the sake of notational convenience, we let
Mk,l =

whenever rk,l and rk,l+1 are both non-zero. We call Mk,l the occupancy multiplier for the pair of paths, Pk,l and
Pk,l+1, and using this notation we write Ok,l = Mk,l O. That is, Mk,l is the ratio of the occupancy of path pair (Pk,l,
Pk,l+1) to the occupancy of the entire route system.
3.8
Expressing Ok,l as Mk,l O may be useful because having obtained O, the occupancy of the entire route
system, we can then estimate the occupancy of any pair of adjacent paths, even without knowing the relevant
number of proximate aircraft pairs or the number of flights on each of the paths. All that we need is an estimate
of the fraction of traffic, ri,j , on each path. For some studies it may be possible to estimate those fractions from
flight plan data; in other cases it may suffice to posit hypothetical values.

4.

NUMERICAL EXAMPLES

4.1
If mn, the number of paths, is not a relatively small number, calculating the multipliers Mk,l may become
a bit tedious — at least if the calculation has not been programmed into a computer. There are, however, a
couple of “extreme” cases in which we can rapidly obtain results even without relying on automation.
4.2
Suppose, for example, that all traffic is concentrated on just two adjacent paths, Pk,l and Pk,l+1 . In that
case the only non-zero ri,j are rk,l and rk,l+1, and rk,l + rk,l+1 = 1. For any pair (i,j) other than (k,l), Oi,j = 0. The
sum

has only one non-zero term, viz.

, and so Mk,l

which agrees

with our intuitive understanding that when all of the traffic is assigned to just one pair of adjacent routes, the
occupancy for that route pair must be the overall occupancy O.
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4.3
Table A-14-1 shows a spreadsheet that calculates the multipliers Mk,l for a route system having four
routes at each of three flight levels. With two exceptions, the numbers inserted into column “r(i,j)”, which
shows the fraction of traffic on each path, are all zero. The two exceptions are for routes R2 and R3 on flight
level L2. Path P2,2 has 30 per cent of the system’s traffic, while P2,3 carries the remaining 70 per cent. The
spreadsheet calculates an occupancy multiplier of 1 for that pair of paths and shows the code “NA” (“not
applicable”) for all other multipliers.
4.4

A much more interesting case occurs when we consider the traffic to be uniformly distributed over all

mn flight paths. In that case, each ri,j

, and so

Mk,l

for every pair of paths, Pk,l and Pk,l+1, i.e. for every pair of adjacent paths at the same flight level. We note that
this formula for Mk,l is independent of m, the number of flight levels in the system, and we also observe that as
n increases, Mk,l approaches 1/2 from above.
4.5
Table A-14-2 shows a spreadsheet similar to that of Table A-14-1, but the numbers in column “r(i,j)”
are all 1/12 = .0833, which is the fraction of traffic borne by each flight path when the traffic is uniformly
distributed over all 12 paths. Since n, the number of routes, is 4, the formula derived in the last paragraph tells
us that the multipliers must all be

, and indeed Table A-14-2 shows that the spreadsheet calculates

all of the occupancy multipliers to be 0.6667.
4.6
Empirical studies may eventually show that for certain traffic distributions the assumption of
proportionality (in 3.2) does not accurately describe the distribution of proximate pairs. However, the
assumption must be accurate for the case in which the traffic is uniformly distributed. When all flight paths
carry the same load, the assumption infers that every pair of adjacent paths produces the same number of
proximate aircraft pairs. That is not surprising. As long as the theory treats the number of proximate pairs
produced by a pair of paths as a function solely of the traffic loads on those paths, it follows that whenever the
paths all carry the same load, every pair of paths must produce the same number of proximate aircraft pairs,
regardless of the specific form of the function. That is, if g denotes the function, then pi,j =
for
1 i m, 1

j

and so every pi,j

n 1. If the traffic is uniformly distributed, then every fi,j and fi,j+1 has the same value, viz.
. Therefore, p

, which clearly does not depend on either i or j.
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Table A-14-1. Calculation of occupancy multipliers
for a system of four routes on three flight levels,
with traffic distributed as in column “r(i,j)”
Flight
level i

Route j

r(i,j)

r(i,j) *
r(i,j+1)

M(i,j)

Path pair

1
1
1
1
2
2
2
2
3
3
3
3

1
2
3
4
1
2
3
4
1
2
3
4

0.0000
0.0000
0.0000
0.0000
0.0000
0.3000
0.7000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000
0.0000
0.0000

NA
NA
NA

L1, R1 & R2
L1, R2 & R3
L1, R3 & R4

0.0000
0.2100
0.0000

NA
1.0000
NA

L2, R1 & R2
L2, R2 & R3
L2, R3 & R4

0.0000
0.0000
0.0000

NA
NA
NA

L3, R1 & R2
L3, R2 & R3
L3, R3 & R4

Sums: 1.0000

0.2100

Table A-14-2. Calculation of occupancy multipliers
for a system of four routes on three flight levels,
with traffic distributed as in column “r(i,j)”
Flight
level i

Route j

r(i,j)

1
1
1
1
2
2
2
2
3
3
3
3

1
2
3
4
1
2
3
4
1
2
3
4

0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833
0.0833

Sums: 1.0000

r(i,j)*
r(i,j+1)

M(i,j)

Path pair

0.0069
0.0069
0.0069

0.6667
0.6667
0.6667

L1, R1 & R2
L1, R2 & R3
L1, R3 & R4

0.0069
0.0069
0.0069

0.6667
0.6667
0.6667

L2, R1 & R2
L2, R2 & R3
L2, R3 & R4

0.0069
0.0069
0.0069

0.6667
0.6667
0.6667

L3, R1 & R2
L3, R2 & R3
L3, R3 & R4

0.0625
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4.7
Table A-14-3 shows the same sort of spreadsheet shown in Tables A-14-1 and A-14-2, but with a
typical traffic distribution. Flight level L1 carries 1/4 of the traffic, L2 has 5/12 of it, and L3 has the remaining
1/3. On each flight level, route R1 has 1/12 of the traffic, R2 has 1/3 of it, R3 has 5/12 of it, and R4 has the
remaining 1/6. The occupancy multipliers calculated by the spreadsheet range from a minimum value of 0.2033,
for path pair (P1,1 , P1,2), to a maximum of 0.9412 for path pair (P2,2 , P2,3).
4.8

In the examples given so far, Mk,l has been less than or equal to 1, but that does not hold true in general.

Indeed, we see from the definition (in 3.7) that Mk,l

1 if and only if

Table A-14-4 shows a traffic distribution derived from that of Table A-14-3 by shifting traffic from one path
to another. In particular, the loads on paths P1,2 , P1,4 , P3,1 , and P3,3 were respectively shifted onto paths P1,1 ,
P1,3 , P3,2 , and P3,4 , so that all six pairs of adjacent paths on flight levels L1 and L3 have zero occupancy. As can
be seen in the column headed “r(i,j)*r(i,j+1)”, the three products
are all zero, as are the three products
. The sum

is less than

and

, and so M2,2 = 1.8824 and M2,3 =

1.2101 are both greater than 1.

5.

ACCIDENT RATES FOR PAIRS OF
ADJACENT FLIGHT PATHS

5.1
Let ak,l denote the expected rate of accidents for the pair of paths Pk,l and Pk,l+1. In the Reich model for
the risk of collision due to the loss of planned lateral separation, we write ak,l as a product of 5 factors: 1) the
probability that two aeroplanes which are assigned to adjacent paths actually have laterally overlapping
positions; 2) the probability that two aeroplanes assigned to the same flight level have vertically overlapping
positions; 3) the probability that two proximate aeroplanes (proximate in the sense of 1.1) have longitudinally
overlapping positions; 4) the sum of the reciprocals of the times needed for aircraft to pass each other in each
of the three physical dimensions; and 5) the occupancy, Ok,l, of the pair Pk,l and Pk,l+1. The accident rate ak,l is
expressed in units of accidents per flight hour.
5.2
In the present discussion we are not concerned with changes in any of the first four factors mentioned
in 5.1 and can assume that they are invariant over all pairs of paths. Therefore, we can simplify the notation
in the present section by expressing the product of the first four factors as a constant C. That is, for every pair
of paths Pk,l and Pk,l+1, ak,l = C Ok,l. Using the results of section 3, we rewrite this equation as
.

Since C O is the accident rate of the entire system (in accidents per flight hour), Mk,l is also the ratio of the
accident rate of path pair (Pk,l , Pk,l+1) to that of the entire system. We also find it useful to express the equation
for ak,l in one more form, i.e. as
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Table A-14-3. Calculation of occupancy multipliers
for a system of four routes on three flight levels,
with traffic distributed as in column “r(i,j)”
Flight
level i

Route j

r(i,j)

r(i,j)*
r(i,j+1)

M(i,j)

Path pair

1
1
1
1
2
2
2
2
3
3
3
3

1
2
3
4
1
2
3
4
1
2
3
4

0.0208
0.0833
0.1042
0.0417
0.0347
0.1389
0.1736
0.0694
0.0278
0.1111
0.1389
0.0556

0.0017
0.0087
0.0043

0.2033
0.5647
0.3630

L1, R1 & R2
L1, R2 & R3
L1, R3 & R4

0.0048
0.0241
0.0121

0.3388
0.9412
0.6050

L2, R1 & R2
L2, R2 & R3
L2, R3 & R4

0.0031
0.0154
0.0077

0.2711
0.7529
0.4840

L3, R1 & R2
L3, R2 & R3
L3, R3 & R4

Sums: 1.0000

0.0820

Table A-14-4. Calculation of occupancy multipliers
for a system of four routes on three flight levels,
with traffic distributed as in column “r(i,j)”
Flight
level i

Route j

r(i,j)

1
1
1
1
2
2
2
2
3
3
3
3

1
2
3
4
1
2
3
4
1
2
3
4

0.1042
0.0000
0.1458
0.0000
0.0347
0.1389
0.1736
0.0694
0.0000
0.1389
0.0000
0.1944

Sums: 1.0000

r(i,j)*
r(i,j+1)

M(i,j)

Path pair

0.0000
0.0000
0.0000

NA
NA
NA

L1, R1 & R2
L1, R2 & R3
L1, R3 & R4

0.0048
0.0241
0.0121

0.6776
1.8824
1.2101

L2, R1 & R2
L2, R2 & R3
L2, R3 & R4

0.0000
0.0000
0.0000

NA
NA
NA

L3, R1 & R2
L3, R2 & R3
L3, R3 & R4

0.0410
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.

5.3
Let T denote the time needed for a typical aeroplane to cross the ocean on the route system. During the
24-hour period used to determine occupancy, the fk,l aeroplanes on path Pk,l contributed T fk,l flight hours. Thus
path Pk,l experienced a traffic load of
of

flight hours per hour. Likewise, path Pk,l+1 experienced a traffic load

flight hours per hour, and so the two paths experienced a (combined) traffic load of
. We can therefore express the accident rate for the pair of paths, Pk,l and Pk,l+1,

as
.

5.4
When accident rates are expressed in units of accidents per hour, we can add the rates for any two path
pairs in order to obtain the total accident rate (still in accidents per hour) for those two pairs. Thus, for example,
we find the total accident rate for the path pairs (P1,2 , P1,3) and (P3,3 , P3,4) to be

.
More generally, we obtain the total accident rate for all of the pairs in a set of path pairs by simply adding the
rates (in accidents per hour) for the pairs in that set.
5.5
We can then convert the total rate from units of accidents per hour to units of accidents per flight hour.
In the example in the last paragraph, path pairs (P1,2 , P1,3) and (P3,3 , P3,4) experienced
flight hours during the 24-hour period used to determine occupancy, so their traffic load was at the rate of
. Expressed in traditional units, the two path pairs had a combined
accident rate of

,
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and when the numerator and denominator are divided by f, we re-express this rate as
.

5.6

Similarly, the accident rate for all of flight level Lk is

,

and the accident rate for the route pair (Rl,Rl+1) is

.

Note that in the formula for Lk, the denominator shows each path’s flow counted once, even though all but the
outermost paths belong to two path pairs.
5.7

Finally, we write the accident rate of the entire system, in accidents per hour, as
.

During the 24-hour period used to determine occupancy, the system experienced Tf flight hours, giving it a
traffic rate of

. Expressed in traditional units, the entire route system had an accident rate of

.
No. 1
30/8/02

126

Manual on Airspace Planning Methodology for the Determination of Separation Minima

However, we also know from 5.2 that each

. Substituting this

expression into the sum, we find the accident rate of the entire route system to be

which is exactly the result that we expected from the Reich model. Thus we find that the formulae derived
above for the accident rates of path pairs and collections of path pairs are consistent with the accepted model.

6.

ACCIDENT RATES FOR INDIVIDUAL FLIGHT PATHS

6.1
Paths Pk,1 and Pk,n are the outer paths on flight level Lk, so each of them has only one adjacent path on
that flight level. The aeroplanes on Pk,1 are exposed to risk from those on Pk,2 , while the aeroplanes on Pk,n are
exposed to risk from those on Pk,n–1 . If 2 l n 1, the aeroplanes on path Pk,l are exposed to the risk of
collision with aeroplanes on two adjacent paths, Pk,l 1 and Pk,l+1 .
6.2

The rate of accidents for the path pair (Pk,1 , Pk,2) is

express this rate as

. As was shown in 5.3, we can re-

. Every collision due to the loss of planned lateral separation

is counted as two accidents, each involving an aeroplane assigned to one of the relevant paths. Therefore, path
Pk,1 has an accident rate of
24 hours, or

. Path Pk,1 experiences

flight hours in

, so its accident rate, expressed in traditional units, is

.

Dividing the numerator and denominator by f, we re-write Pk,1’s accident rate as
.
Applying entirely analogous reasoning, we find that the hourly rate for path Pk,n is
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,
while its traditional (flight hourly) rate is
.

6.3
If 2 l n 1, Pk,l’s accidents (due to the loss of planned lateral separation) arise from its aeroplanes’
collisions with aeroplanes assigned to adjacent paths Pk,l 1 and Pk,l+1 . The path pairs (Pk,l 1, Pk,l ) and (Pk,l , Pk,l+1)
have respective flight hourly accident rates ak,l 1 and ak,l , which can be converted (as in 5.3) to the respective
hourly accident rates

and

. Every collision

involving aeroplanes assigned to either of these path pairs results in an accident involving an aeroplane assigned
to path Pk,l , so Pk,l’s hourly accident rate is

.

Since Pk,l experiences

flight hours per hour, its accident rate, expressed in units of accidents per flight

hour, is

,

which immediately simplifies to
.
Dividing the numerator and denominator by f, the total number of flights, finally yields Pk,l’s accident rate in
the form
.
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6.4
In 5.6 we found the accident rate of flight level Lk by adding appropriately weighted accident rates of
the pairs of adjacent paths on that flight level. We expect to obtain the same result by adding appropriately
weighted accident rates of the individual paths.
6.5

In order to add the weighted rates of the individual paths, we express them in units of accidents per

hour. From 6.2 and 6.3 we recall that on flight level Lk, Pk,1 has
while Pk,l (for 2

l

n – 1) has

has

accidents per hour,
accidents per hour, and Pk,n

accidents per hour. Thus, in each hour, the number of accidents experienced

by the flight level is
.

Regrouping the terms of the sum within the large parentheses, we get:

.

Thus, flight level Lk’s hourly accident rate is
.

The flight level experiences
traditional units, is
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,

which agrees with the result stated at the beginning of 5.6.
6.6

We use a similar technique to find the accident rate for any of the n routes in the system. Route R1

consists of paths Pi,1 for i = 1, 2, ..., m, and in 6.2 we noted that Pi,1 experiences
per hour. Adding the hourly rates we find that R1 has
experiences

accidents
accidents per hour. Since it

flight hours of traffic in 24 hours, its accident rate in traditional units is

.

Analogous reasoning shows that Rn’s accident rate is

6.7

If 2

j

.

n–1, then (as noted in 6.3) each path Pi,j has

accidents per hour, so that route Rj has

. Since Rj
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experiences

flight hours per hour, its accident rate, expressed in traditional units, is

,

which immediately simplifies to

.

Dividing the numerator and denominator by f, we re-express the accident rate of route Rj in terms of traffic
ratios as
.

6.8

In 6.5 we showed that flight level Li experiences

accidents per hour. Adding the

hourly rates for all the flight levels, we see that the entire route system experiences
. This is the same hourly rate cited at the beginning of 5.7, where the sum
was derived from the hourly accident rates of path pairs, rather than those of individual paths. Without repeating
the argument in that paragraph, we see that the flight hourly accident rate for the entire route system, computed
from the rates of individual paths, remains consistent with the rate computed by the Reich model.

7.

OCCUPANCIES FOR PAIRS OF NON-ADJACENT ROUTES

7.1
The traditional definition of lateral occupancy applies only to adjacent routes, and so occupancy
computations generally count two aeroplanes as proximate only if they are assigned to adjacent co-altitude flight
paths. Since the risk of collision (due to the loss of planned lateral separation) between aeroplanes assigned to
adjacent routes is far greater than the risk of collision between aeroplanes assigned to non-adjacent routes,
traditional occupancy estimates generally account for most of the exposure to risk. However, as airspace
management authorities decrease route separations, it is reasonable to expect an increase in the risk of collision
between aeroplanes assigned to non-adjacent routes. While that risk is likely to remain much lower than the risk
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from aeroplanes assigned to adjacent routes, it may eventually constitute a significant part of the total risk.
Indeed, the simplest way to determine whether it is significant is to compute both components of the risk and
compare them. The present section develops formulae that can be used to estimate the lateral occupancy of pairs
of non-adjacent flight paths. Those estimates can be used to compute the rate of collisions between aeroplanes
assigned to non-adjacent paths, by applying a formula similar to the one given in 5.1 and 5.2.
7.2
We begin by deriving occupancies for paths whose lateral separation is twice the minimum distance.
Thus we are dealing with pairs of paths (Pi,j , Pi,j+2 ), for 1 i m and 1 j n 2. Each path Pi,j still carries fi,j
aeroplanes over a 24-hour period, so the route system carries a total of
time. We continue to let ri,j denote

aeroplanes during that

, the fraction of the route system’s traffic that travels on path Pi,j. On

the other hand, we need to extend some of the notation used in sections 1 through 6. We let

denote the

number of proximate pairs consisting of an aeroplane assigned to Pi,j and an aeroplane assigned to Pi,j+2, and,
as in sections 1 through 6, we consider a pair to be proximate if its members pass the chosen longitude (or any
other line having an analogous function) within 15 minutes of each other. We let

denote the

total number of proximate pairs obtained from routes separated by twice the lateral separation minimum. In
section 2 we could rely on having an empirically derived value for p, but in the present section we do not have
any data to justify a value for its analogue, p(2), and so another method to estimate its value will need to be
found. Note that we have no particular reason to expect p and p(2) to have the same value. Indeed, since there
are m fewer path pairs separated by two separation standards than by one separation standard (i.e. m(n 2) pairs
rather than m(n 1) pairs) if traffic is uniformly distributed over all of the route system’s paths, we expect p(2)
to be less than p. Finally, we let O(2) denote the occupancy that we would compute if we counted only proximate
pairs from co-altitude paths separated by two separation standards. Since the route system still carries a total
of f aeroplanes, we compute O(2) by a formula analogous to that used for computing O, i.e. O(2)

. (In a

system having exactly three routes, only flights assigned to the outer routes can be members of proximate pairs
that are counted by p(2). Thus it might be thought that in defining O(2) for such a system, we should take the
denominator to be the number of flights on the outer routes, i.e.

, rather than f, the total number of

flights in the system. Such a definition might be useful if the rate of collisions between aeroplanes assigned to
non-adjacent routes were of some interest in itself. However, the collision rate for aeroplanes assigned to nonadjacent routes is of interest only as a component of the total collision rate, and thus the denominator needs to
account for all flights in the system.)
7.3
In section 1 we observed that occupancy statistics are not normally produced for individual pairs of
adjacent flight paths. In section 3 we overcame this difficulty by assuming that the number of proximate pairs
of aircraft for a given pair of adjacent co-altitude flight paths was proportional to the product of the traffic levels
on those paths. In the present section we observe that since air traffic controllers do not attempt to coordinate
the longitudinal positions of aeroplanes assigned to different paths, the assumption of proportionality is just as
valid for pairs of non-adjacent flight paths as it is for pairs of adjacent paths. Thus, if
and
,
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to equal

, which we simplify to

, and it then follows that

.

Substituting the expression for pk,l from 3.1, we find that
,

and dividing the numerator and denominator of the quotient by f 2, we can rewrite this equation as
.

7.4
Adding the numbers of proximate pairs (of aircraft) attributable to each pair of co-altitude flight paths
separated by two separation standards, we find that

.

For the sake of notational convenience, we let

so that p(2) = R(2)p. Since

,we can write

, and since

, we finally write O(2) =

R(2)O. Thus R(2) is the ratio of occupancy attributable to paths separated by two separation standards, to
occupancy attributable to paths separated by one separation standard.
7.5
In section 3, we derived Ok,l , the occupancy for the adjacent (co-altitude) flight paths Pk,l and Pk,l+1.
Likewise, we now derive
, the occupancy for Pk,l and Pk,l+2 , a pair of flight paths separated by two separation
standards. As in section 3, we take

to be 0 whenever either of fk,l or fk,l+2 is 0, and when both of them are

non-zero, we take

, i.e. twice the number of proximate pairs on the paths, divided by the
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number of flights on the paths. We then rewrite the occupancy using the formula for

derived in 7.3:

.

For the sake of notational convenience, we let
=

, so that

.

7.6
As in section 5, where we computed accident rates for pairs of adjacent paths, accident rates for pairs
of paths separated by two separation standards can likewise be computed. Only one of the constants mentioned
in 5.1 changes with the increase in separation, viz. the lateral overlap probability. We recognize that change by
letting C(2) denote the product of the (new) lateral overlap probability, the vertical overlap probability, the
longitudinal overlap probability for proximate aeroplanes, and the sum of the reciprocals of passing times. We
let

denote the accident rate for paths Pk,l and Pk,l+2 and compute it by the Reich model formula:
. The accident rate

is expressed in accidents per flight hour.

7.7
We can also express the rate of accidents between aeroplanes assigned to paths Pk,l and Pk,l+2 as an
hourly rate. The paths experience a traffic load of
, or
so it follows that their hourly accident rate is

Hourly accident rates can be added to each other, and when we do so we find that the route system’s total hourly
accident rate for accidents due to the loss of two separation standards of planned separation is
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Since the entire route system experiences

, we can re-express its total accident rate

(from the loss of two separation standards of planned lateral separation) in traditional terms as

.

From 7.5 and 7.6 we know that each

, and each

,

so that:
each

,

and each

.

Substituting these terms into the sum above, we re-express the total accident rate, in accidents per flight hour,
as
,

which is exactly the result expected from applying the Reich model.
7.9
Paragraphs 7.2 through 7.8 derive analogues of most of the significant formulae of sections 3 and 5 for
the case in which co-altitude flight paths are separated by twice the route system’s minimum lateral separation.
The same reasoning can be used to derive analogous formulae for the case in which co-altitude flight paths are
separated by some other multiple of the route system’s minimum lateral separation. Without repeating the
derivations, we simply list the definitions of symbols and the principal results for the case in which the flight
paths are separated by s multiples of the minimum lateral separation for any integer s between 1 and n 1:
the number of proximate pairs consisting of an aeroplane assigned to Pi,j and an aeroplane
assigned to Pi,j+s
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equal
the total
to snumber
multiples
of proximate
of the lateral
pairs
separation
obtainedminimum
from routes separated by a distance
the occupancy that would be computed by counting only proximate pairs (of aeroplanes) from
co-altitude paths separated by s separation standards

O(s)

p(s)

R(s)

O(s) = R(s)O

C(s)

the product of the lateral overlap probability for routes separated by s multiples of the lateral
separation minimum, the vertical overlap probability, the longitudinal overlap probability for
proximate aeroplanes, and the sum of reciprocals of passing times
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the accident rate for paths Pk,l and Pk,l+s , expressed in accidents per flight hour;
.

8.

CONCLUSION

8.1
The formulae derived in sections 3, 5, and 6 give analysts the tools needed to compute the accident rates
of individual components of oceanic route systems. The distribution of traffic on some of the most heavily used
route systems is known to be markedly non-uniform, and results obtained from applying these formulae will
allow decision-makers to consider not only an entire route system’s accident rate, but also the rates of the most
heavily used flight paths, routes and flight levels.
8.2
Furthermore, the formulae derived in section 7 give analysts the ability to account for risk due to the
loss of planned lateral separations equal to all integer multiples of the separation minimum and thereby more
accurately compute a route system’s total lateral risk.

————————————
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Attachment A to Appendix 14
CONSISTENCY WITH ICAO GUIDANCE
A.1
The Air Traffic Services Planning Manual (Doc 9426) includes a discussion of the “steady state flow
model” of occupancy (Part II, Section 2, Chapter 4, Appendix C). The present Attachment A to Appendix 14
demonstrates that the steady state flow model infers the same occupancy multiplier derived in section 3 of
Appendix 14. The notation used in Doc 9426 differs from that used in Appendix 14, and the reader should not
assume that symbols used in Attachment A to Appendix 14 have the same meanings they have in Appendix 14
proper, unless they are specifically identified as having those meanings. In particular, subscripts in Doc 9426
— and in the first part of Attachment A— reverse the order of route and flight level used in the body of
Appendix 14. Moreover, Doc 9426 uses symbols “T” and “f ” whose meanings are entirely different from those
of the “T” and “f ” used in the body of Appendix 14.
A.2
Doc 9426 posits a system of t parallel routes operating on f flight levels. The traffic flow on the path
at route i and flight level j is mi,j aircraft per hour. Each route has length L NM, and the average speed of the
aircraft on each route is V kt. The system is observed for T hours. Aircraft on adjacent paths and the same flight
level are considered proximate when they are longitudinally within Sx NM of each other. During the T hours
in which the system is observed, Ty denotes the total time during which aircraft pairs are proximate, H denotes
the total number of flight hours, and Ey

denotes the system’s occupancy. Table A-14-5 shows how the

symbols in Doc 9426 correspond to those in the body of Appendix 14.

Table A-14-5.

Use of symbols

Symbol in
Doc 9426

Symbol in
Appendix 14

t

n

Number of routes

f

m

Number of flight levels

mi,j

T

Meaning

Traffic flow, in aircraft per hour, on route i at flight level j

T

Average time, in hours, needed to fly an oceanic route

24

Time, in hours, during which the system is monitored
Flight time, in hours, corresponding to a proximity interval

Ey

O

Occupancy
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On average, it takes each aircraft

i and flight level j experiences

hours to pass through the system. Therefore, the path at route

flight hours per hour and a total of

flight hours during the

T hours of system monitoring. Adding the contributions of all the flight paths, we find that the entire system
experiences H

A.4

If 2

flight hours during the T hours of monitoring.

i

t, then the path at route i and flight level j has an adjacent path, at route i 1 and flight level

j, whose flow is

aircraft per hour and which holds, on average,

between aircraft on the adjacent path is

aircraft. The average interval
. Within a longitudinal distance

Sx of an aircraft flying on the path at route i and flight level j, we expect to find
aircraft on the adjacent path. During the

that

hours in which the aircraft on route

i and flight level j flies through the system, it experiences (on average)

hours of proximity time.

Since mi,jT aircraft use the path at route i and flight level j during the monitoring period, that path experiences
hours of proximity time with its lower-numbered adjacent path (during that period). Adding the proximity times
of all the paths, we find that the entire system generates

hours of proximity time

during the monitoring period.
A.5

Doc 9426 then computes the route system’s occupancy, Ey, by the equation

Ey

A.6

.

Consider a single pair of adjacent paths at the same flight level, viz. the paths at routes l and l+1, on

flight level k. As was shown in A.3, during the monitoring period those paths respectively generate
flight hours and
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proximity hours

proximity hours. Dividing twice the proximity time by the total flight hours yields the pair’s occupancy:

.

A.7
Using the results of A.5 and A.6, we now see that the ratio of the path pair’s occupancy to the entire
system’s occupancy can be written as

.

A.8
Each mi,jT in Doc 9426 is equivalent to fj,i in the notation used in the body of this appendix. The number
of routes is called “t” in Doc 9426 and “n” in the body of this appendix; and the number of flight levels is called
“f “ in Doc 9426 and “m” in this appendix. Rewriting the ratio of occupancies using the notation from this
appendix, we find the ratio to be
.

A.9

We can then rewrite the sum of products in the denominator as
=

=

=

=

,

and we also rewrite the total number of flights in the system during the monitoring period as
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.
Substituting these expressions into the ratio of occupancies, we rewrite the ratio as
.

We then recall that in the notation in the body of this appendix,

, so that we can also write the

ratio as
.

Dividing the numerator and denominator by

and remembering that

, we finally rewrite the ratio

of occupancies as

,

which is exactly the definition of Mk,l in 3.7 (QED).

————————
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Attachment B to Appendix 14
UPPER BOUNDS FOR OCCUPANCY
B.1
This attachment uses the notation from the Air Traffic Services Planning Manual, as described in A.1
and A.2.
B.2

In occupancy computations the distance Sx NM is often taken to be the distance covered by an aeroplane

moving at V kt during a time period equal to the minimum longitudinal separation. That is,

hours is viewed

as the minimum longitudinal separation. The maximum flow on each path is then the reciprocal of the minimum
separation, i.e.

B.3

(flights) per hour.

Paragraph A.5 expresses Ey, the route system’s occupancy, as

,

which can be rewritten as

, or as

B.4

, or as

Since all of the flows are non-negative and the maximum flow rate

.

is positive, the three sums that

appear in this last expression for Ey contain only non-negative terms. Therefore, the sums are necessarily nonnegative. Since

for all i = 2, ..., t and all j = 1, ..., f, the second sum in the denominator,
is greater than or equal to the numerator,

. A fortiori, the entire denominator

is greater than or equal to the numerator, and the quotient is less than or equal to 1. Thus Ey

4.

B.5
Figure A-14-1 depicts one flight level in a system of seven heavily loaded parallel routes. The
horizontal lines on the figure represent the flight paths, and the small rectangular boxes represent aeroplanes
flying along them. The aeroplanes are all moving at the same speed, 480 kt (8 NM per minute), and the
minimum longitudinal separation is 15 minutes, which thus corresponds to a distance of 120 NM. The
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Distance along route (NM)

Figure A-14-1. Proximity pairings for seven routes,
with proximity time = longitudinal separation minimum

aeroplanes on each path are spaced at just slightly more than that distance, i.e. 123 NM apart. As indicated in
1.1, aeroplanes on adjacent paths (at the same flight level) are said to be proximate whenever their positions
(in the longitudinal sense) are separated by no more than 15 minutes of flying time. Thus, in the figure two
aeroplanes are proximate as long as their respective horizontal position coordinates are within 120 NM of each
other. Each of the intervals marked on route 1 represents 41 NM, so two aeroplanes are proximate as long as
their horizontal positions differ by one or two intervals. The diagonal line segments on the figure connect
proximate aeroplanes, and it is clear that (except for the aeroplanes at the left and right margins of the figure)
every aeroplane on the interior routes is proximate to four others, while every aeroplane on the outermost routes
is proximate to two others. Each diagonal line segment represents a unique proximate pair. Since every
aeroplane on an interior route is a member of four distinct pairs, but there are two aeroplanes per pair, we expect
that the interior routes will contribute twice as many pairs as flights. It is only the effect of the outermost routes
that keeps the entire system’s ratio of pairs to flights from reaching 2 and keeps the occupancy (which is twice
that ratio) from reaching 4. If the system consisted of infinitely many parallel routes and all of them were
interior routes, the occupancy computed for a fully loaded system would then reach the upper bound of 4
(derived in B.4).
B.6
path is

We make this observation more precise by noting that in a fully loaded route system the flow on each
flights per hour, and thus over T hours each path experiences

flight hours, each route experiences

flights and

flight hours, and the entire route system experiences

flight

hours. There are 2 outer routes, each of which contributes the same number of proximity hours as flight hours,
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and there are t 2 interior routes, each of which contributes twice as many proximity hours as flight hours.
Therefore, the system exhibits a total of

proximity hours and an occupancy of

.

As t (the number of routes) increases, the occupancy approaches 4 from below.
B.7

In B.3 we found that Ey, the route system’s occupancy, is

.

If the system consists of exactly two routes, i.e. if t = 2, we can rewrite the occupancy as

.

For each flight level j,
and

is greater than or equal to each of the flows

and

, and so

. Therefore, each of the sums in the denominator is greater than or equal to the

numerator, whence the entire quotient is less than or equal to 1/2, and Ey is less than or equal to 4 (1/2) = 2.
B.8
Figure A-14-2 is similar to Figure A-14-1, but depicts only two heavily loaded routes. As in
Figure A-14-1, each diagonal line segment represents a unique proximate pair of aeroplanes. It is clear from the
figure that each aeroplane belongs to two pairs, while each pair consists of two aeroplanes, so except for an
extra aeroplane shown at one or the other margin, the number of pairs equals the number of flights. Thus, in
a maximally loaded system of two routes, we expect the ratio of pairs to flights to equal 1, and the occupancy,
Ey, to equal 2. Note that the formula derived at the end of B.6 remains valid when t = 2, since it gives Ey = 4
(4/2) = 4 – 2 = 2.
B.9
The NAT OTS proximity criterion of 15 minutes was probably chosen prior to 1981 when 15 minutes
was the minimum longitudinal separation in that route system. However, since 1981 the NAT OTS has used
10 minutes as its longitudinal minimum, and thus the maximum possible flow on any of its paths has increased
from four aircraft per hour to six aircraft per hour. In the notation used above,

hours corresponds to the
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15-minute separation minimum, and so the 10-minute minimum can be written as
corresponding maximum flow rate as its reciprocal,

hours, and the

(flights) per hour. Following the method in B.3 and

B.4, we recall that

Ey

.

We then note that

for all i = 2, ..., t and all j = 1, ..., f , and so the second sum in the denominator,
is greater than or equal to the numerator,

. A fortiori, the entire denominator

is greater than or equal to the numerator, whence the quotient is less than or equal to 1, and Ey

6.

B.10 Figure A-14-3 illustrates a single flight level in a system of three heavily loaded parallel routes. (More
routes would have been depicted if the software used to prepare the figure had been capable of showing them).
In this case each interval marked along route 1 represents 27 NM, and consecutive aeroplanes on each path are
longitudinally separated by three such intervals, i.e. by 81 NM, which is just slightly greater than the distance
(of 80 NM) corresponding to the minimum separation of 10 minutes. Since the proximity criterion remains
15 minutes of flying time (which corresponds to 120 NM), aeroplanes on adjacent routes are proximate if their
longitudinal position coordinates are separated by one, two, three or four intervals, i.e. by 27, 54, 81 or 108 NM.
As in Figures A-14-1 and A-14-2, the diagonal line segments connect proximate pairs, and it is clear from the
figure that every aeroplane on the interior route is proximate to six others, while every aeroplane on the outer
routes is proximate to three others. Since each interior route contributes six pairs per aeroplane, but every pair
consists of two aeroplanes, the interior routes contribute three times as many pairs as flights. Again, it is only
the influence of the outermost routes that keeps the occupancy from reaching its theoretical maximum of 2 3
= 6.
B.11

If the system consists of just two routes (i.e. if t = 2), we can rewrite the occupancy derived in B.9 as

Ey

No. 1
30/8/02

.

Appendix 14. Estimating occupancy and the rate of accidents due to the loss of planned
lateral separation for the individual components of a system of parallel routes

145

7

6

Route number

5

4

3

2

1
0

41

82 123 164 205 246 287 328 369 410 451 492 533 574 615 656 697 738 779 820 861 902 943 984 1025 1066 1107 1148 1189 1230

Distance along route (NM)

Figure A-14-2. Proximity pairings for two routes,
with proximity time = longitudinal separation minimum
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Figure A-14-3. Proximity pairings for three routes,
with proximity time = 1.5 × longitudinal separation minimum
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Figure A-14-4. Proximity pairings for two routes,
with proximity time = 1.5 × longitudinal separation minimum

For each flight level j,
and

is greater than or equal to each of the flows

and

, and so

Therefore, each of the sums in the denominator is greater than

or equal to the numerator, whence the entire quotient is less than or equal to 1/2, and Ey is less than or equal to
6 (1/2) = 3.
B.12 Figure A-14-4 is similar to Figure A-14-3, but illustrates a system of just two routes. It is clear from
the figure that each aeroplane belongs to three pairs, while each pair consists of two aeroplanes, so except for
an extra aeroplane shown at one or the other margin, the number of pairs equals 3/2 the number of flights. Thus,
in a fully loaded system of two routes, in which the proximity criterion is 3/2 the minimum longitudinal
separation, the ratio of proximity time to flight time is expected to equal 3/2, and the occupancy, Ey, to equal 3.
B.13

Paragraphs B.9 through B.12 demonstrate the effect of using a proximity criterion,

, that is 3/2 of

the longitudinal separation minimum. More generally, it is clear that another ratio could be substituted for 3/2,
and the arguments used in B.9 and B.11 would then yield maximum occupancy values corresponding to that
particular ratio. Indeed, let q denote the ratio of proximity criterion to longitudinal separation minimum.
Replacing the factor 3/2 by q, in B.9 and B.11, and repeating the arguments of those paragraphs, we find that
4q is an upper bound on the occupancy of all multi-route systems, and 2q is an upper bound on the occupancy
of systems that consist of exactly two routes.
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Imagine (as in B.6) a fully loaded route system in which the proximity time,

separation minimum, equals q. Then the separation minimum is
is its reciprocal,

experiences

hours, and the traffic flow on each path

(flights) per hour. Thus, over T hours, each path experiences
flight hours, each route experiences

, divided by the

flights and

flight hours, and the entire route system

flight hours. Since there are q separation intervals per proximity interval, every aeroplane

in the system is (on average) proximate to q aeroplanes on each of the routes adjacent to its own. Thus every
aeroplane on an interior route is proximate to 2q others, and every aeroplane on the two outermost routes is
proximate to q others. Each of the t 2 interior routes therefore contributes 2q proximity hours per flight hour,
while the two outer routes contribute q proximity hours per flight hour. Thus the system exhibits a total of
proximity hours
and an occupancy of

.

As t increases, this expression approaches 4q from below, and when t = 2, the expression simplifies to 2q. Thus,
in general, the least upper bound for the occupancy of a t-route system is

.
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NAVIGATION PERFORMANCE REQUIREMENTS FOR THE
INTRODUCTION OF 30 NM LATERAL SEPARATION
IN OCEANIC AND REMOTE AIRSPACE

1.

INTRODUCTION

This appendix presents a method for estimating the risk of collision due to the loss of planned lateral separation
in a system of parallel routes having 30 NM between adjacent routes. It considers several different systems of
parallel routes and, for each system, derives a navigational performance requirement that must be met in order
for the system to operate with no more than the internationally accepted target level of safety (TLS) of 5 × 10 9
accidents per flight hour. In order to eliminate unnecessary verbiage, this appendix does not repeatedly state
that such accidents are due to the loss of planned lateral separation. Unless the text specifically refers to the loss
of another form of separation, all mention of accidents, accident rates or collision rates refers to those caused
by the loss of planned lateral separation.

2. A LIMIT ON TYPICAL
NAVIGATIONAL ERRORS
2.1
In establishing standard values of required navigation performance (RNP) for aeroplanes using oceanic
route systems, the RGCSP considered the probability that aeroplanes assigned to adjacent parallel routes have
laterally overlapping positions. This lateral overlap probability, which is a major determinant of a route
system’s accident rate, varies with the navigational accuracy of the fleet using the system, and the navigational
accuracy can be characterized by a limit on 95 per cent of the typical lateral errors experienced by the fleet’s
aeroplanes. In examining the functional dependence of lateral overlap probability on this “95 per cent
containment limit”, the RGCSP observed that over a fairly large range of values, reductions in the containment
limit lead to significant reductions in the overlap probability. However, once the containment limit decreases
to approximately one-sixth of the separation between the routes, further decreases yield only negligibly small
reductions in overlap probability. Thus, if an airspace management authority wishes to establish an RNP for
the fleet using a system of parallel routes, it should not ask operators to exhibit better lateral performance than
that which produces a 95 per cent containment limit equal to one-sixth of the separation.
2.2
In order to avoid a proliferation of RNP standards, the RGCSP initially established only two such
standards for oceanic flight, RNP 20 and RNP 12.6. It later added RNP 10. For en-route flights over continental
airspace, the RGCSP adopted RNP 1, RNP 4 and, for a portion of European airspace, RNP 5.
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2.3
In recent years some airspace management authorities have expressed an interest in establishing oceanic
route systems having 30 NM between adjacent parallel routes. In order for such a system to operate safely, its
fleet needs to exhibit lateral performance equivalent to (or better than) RNP 5. However, it is also important
to remember that many aeroplanes approved for RNP 5 in continental airspace may not be able to operate at
that accuracy in oceanic airspace because their RNP 5 performance may depend on the use of ground-based
navigation aids (NAVAIDS). In recent years many new long-range aeroplanes (such as those equipped with
Boeing’s “FANS-1” package) have been granted RNP 4 approvals, and it is likely that those aeroplanes will
be the first to operate on oceanic route systems having 30 NM separation between adjacent parallel routes.

3. LIMITS ON THE RATE OF
ATYPICAL LATERAL ERRORS
3.1
In the present section several possible configurations of parallel routes are examined. For each
configuration a representative set of occupancies (occupancy being a measure of exposure to risk) ranging from
0 to 2 is considered. For each occupancy the maximum tolerable rate of atypical lateral errors corresponding
to the TLS of 5 × 10 9 accidents per flight hour is computed. The accident rate is estimated by applying the
well-known Reich model for parallel routes, and in so doing the model’s traditional notation is used. The
meanings of the model’s parameters are shown in Table A-15-1, as are values typical of one particular oceanic
airspace in the mid- to late 1990s. It is important to remember that fleet characteristics vary from one airspace
to another and also change over time. Similar computations for another airspace should use the parameter values
expected to prevail there during the time period in which the relevant separation is to be applied.
In the simplest cases, involving two flight paths at the same altitude, the Reich model gives the accident rate
as
and as

accidents per flight hour when the routes carry traffic in the same direction
accidents per flight hour when the routes carry traffic in opposite

directions.
3.2
As was noted above, the lateral overlap probability, Py(S)y, varies significantly with typical navigational
accuracy when the 95 per cent containment limit exceeds one-sixth of the separation between the routes being
considered. When the containment limit is less than a sixth of Sy, the lateral overlap probability becomes nearly
constant with respect to typical navigational accuracy, but it does vary (almost) linearly with , the fleet’s rate
of atypical lateral errors.
3.3
Analysts generally use a double double exponential (DDE) density function to characterize a fleet’s
lateral errors so that they can thereby describe both typical and atypical errors. The DDE function is often
written in the form
.
It is thus a weighted sum of two double exponential densities (also called DE or “first Laplace” densities), the
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first of which describes typical errors, and the second of which describes atypical errors. Each of the parameters
and

is

times the standard deviation of its respective DE density. The weighting parameter

is the

proportion of time during which an “average” aeroplane is committing an atypical error.
3.4
We consider a pair of parallel routes separated by Sy NM and assume that the lateral errors of the
aeroplanes using both routes can be characterized by the same DDE density function f. If we randomly select
two aeroplanes, one from those assigned to each route, then Py(Sy), the probability that the two chosen
aeroplanes are in lateral overlap, is approximately

Of the three terms enclosed in rectangular brackets in this expression for Py(Sy), the first (describing “core-core
interaction”) dominates when the 95 per cent containment limit of the fleet’s typical errors exceeds Sy/5. When
the 95 per cent containment limit is less than Sy/6, the third term (describing “core-tail interaction”) dominates,
generally contributing more than 99 per cent of the value of Py(Sy).
3.5
After choosing a value of same-direction or opposite-direction occupancy, we apply the appropriate
formula from the end of 3.1 to derive the value of at which Py(Sy) is small enough for the accident rate to
equal the TLS. In other words, when the routes carry traffic in the same direction, we find the value of at
which
,

and when they carry traffic in opposite directions, the value of

is found at which
.

Using the constants given in Table A-15-1, we find that when the routes carry traffic in the same direction, we
seek the value of for which
the value of
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Meanings of the Reich model parameters

Symbol

Meaning

Value

Average aircraft length

0.0348 NM

Average aircraft width

0.031 NM

Average aircraft height

0.0089 NM

Distance within which aircraft assigned to different routes are considered
to be longitudinally proximate

120 NM

Average aircraft speed

480 kt

Average longitudinal passing speed of same-direction aircraft assigned to
different routes

13 kt

Average lateral passing speed of aircraft assigned to different routes

75 kt

Average vertical passing speed of aircraft assigned to the same flight level

1.5 kt

Probability that two aircraft assigned to the same flight level are in
vertical overlap

0.5

Probability that two aircraft assigned to routes separated by Sy are in
lateral overlap
Same-direction lateral occupancy
Opposite-direction lateral occupancy
14 80.73

15 087.05

3.6
Figure A-15-1a illustrates two parallel routes separated by 30 NM, carrying traffic in the same direction.
Figure A-15-1b shows how the maximum tolerable value of varies with the same-direction occupancy of the
route pair.
3.7
Figure A-15-2a also shows a pair of parallel routes separated by 30 NM, but they are carrying traffic
in opposite directions. Figure A-15-2b shows how the maximum tolerable value of varies with the pair’s
opposite-direction occupancy. Though the curves in Figures A-15-1b and A-15-2b appear similar, it is important
to remember that the numerator 2.29 × 10 9, used for the opposite-direction example, is an order of magnitude
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30 NM

Figure A-15-1a. A pair of parallel routes
carrying traffic in the same direction
smaller than the numerator 2.33 × 10-8 used for the same-direction case, and so the maximum tolerable values
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Figure A-15-1b.
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30 NM

Figure A-15-2a. A pair of parallel routes
carrying traffic in the opposite direction
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Figure A-15-2b.

Maximum acceptable value of alpha
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of shown in Figure A-15-2b are an order of magnitude smaller than the corresponding values shown in
Figure A-15-1b. In particular, note that the scales of the vertical axes in the two figures differ by an order of
magnitude. (When the fleet using the route system exhibits typical lateral errors whose 95 per cent containment
value is less than Sy/6, Py(Sy) varies (almost) directly with . As was shown in 3.5, Py(Sy) varies inversely with
occupancy. Thus we expect also to vary inversely with occupancy, and indeed Figures A-15-1b and A-15-2b
both look like hyperbolas of the form constant/x.)
3.8
The computations of maximum acceptable values of assume that the fleet’s typical performance just
satisfies RNP 4. Thus 95 per cent of typical lateral deviations are assumed to be less than 4 NM. It follows that
the parameter 1 has the value 4/[ ln(.05)] = 1.3352. The parameter 2 is taken to equal Sy, the distance between
the routes — i.e. 30 NM. This is a conservative value in that it maximizes the lateral overlap probability Py(Sy).
3.9
Figure A-15-3a shows four parallel routes, with traffic moving in the same direction on all of them. For
ease of reference, the routes are labelled consecutively as R1, R2, R3 and R4. We assume three flight levels in
this example, and we assume a traffic distribution in which the lowest flight level carries 1/4 of the traffic, the
middle level carries 5/12 of it, and the upper level carries the remaining 1/3. On each flight level, R1 carries
1/12 of the traffic, R2 carries 1/3 of it, R3 carries 5/12 of it, and R4 carries the remaining 1/6. Thus the example
reflects a concentration of traffic on the system’s central routes, as is sometimes observed in practice.
3.10
Appendix 14 derives formulae for the occupancies and accident rates of all pairs of flight paths in such
a system, as well as for collections of pairs of flight paths. Figure A-15-3b is based on an analysis that first
applies the formulae of that appendix to compute accident rates, and then varies , the rate of atypical errors,
to find the value that produces an accident rate equal to the TLS of 5 × 10 9 accidents per flight hour. The figure
shows the values of corresponding to (adjacent flight path) occupancies ranging from 0.1 to 2.0. The analysis
supporting Figure A-15-3b differs from most estimates of accident rates (such as those on which
Figures A-15-1b and A-15-2b are based) in that it includes not only the rate of accidents due to the loss of
planned separation between aeroplanes assigned to adjacent routes, but also the rate of accidents from
aeroplanes assigned to non-adjacent routes. In the example used to generate Figure A-15-3b, the inclusion of
non-adjacent routes increases the accident rate by almost a seventh and reduces the maximum acceptable by
almost 13 per cent. The example suggests that while accident rates generated from non-adjacent routes
constitute a minor contribution to the total rate, that contribution is still far from being negligible or
insignificant.
3.11
The analysis mentioned in 1.1 was based on a system of seven parallel routes operating on seven flight
levels. It was modelled after the North Atlantic Organized Track System (NAT OTS) as it operated in the mid1990s, prior to the implementation of a reduced vertical separation minimum (RVSM) of 1 000 feet. An earlier
attempt to estimate the maximum acceptable values of in such a system, discussed at the spring 1995 meeting
of RGCSP WG/A, had even attempted to account for the concentration of traffic on the system’s central routes
and central flight levels, but its analysis of the effect of the concentration was not correct. Applying the results
of Appendix 14 is expected to remedy the errors of the earlier analyses.
3.12
Figure A-15-4 graphs the results of an analysis similar to the one that supports Figure A-15-3b. We
assume a system of seven parallel routes on seven flight levels, and we take the distribution of traffic on the
individual flight paths to be the distribution observed for eastbound NAT OTS traffic on 15 August 1994 (the
same distribution used in the spring 1995 analysis). The maximum acceptable values of
shown in
Figure A-15-4 are somewhat smaller than the corresponding values shown in Figure A-15-3b, which are
themselves somewhat smaller than those shown in Figure A-15-1b. In the analysis supporting Figure A-15-4,
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R1

30 NM
R2

30 NM
R3

30 NM
R4

Figure A-15-3a.

Four parallel routes carrying traffic
in the same direction

we find that the rate of accidents due to collisions between aeroplanes assigned to (co-altitude) adjacent flight
paths constitutes slightly more than 75 per cent of the total accident rate. Aeroplanes assigned to paths separated
by twice the minimum lateral separation account for another 20 per cent of the total; those assigned to paths
separated by three times the minimum distance contribute more than 4 per cent; and those assigned to paths
separated by four times the minimum distance contribute most of the remaining 1 per cent. Thus it can once
again be seen that aeroplanes assigned to non-adjacent paths make a significant contribution — nearly 25 per
cent in this case — to the route system’s total accident rate.
3.13
Recall that the RNP of the airspace determines the parameter 1 of the DDE density function and that
we have assumed the most conservative value for the parameter 2. The analyses supporting Figures A-15-1b,
2b, 3b, and 4 derive the maximum tolerable values of , the rate of atypical lateral errors, under which the given
route systems and occupancies can satisfy the TLS of 5 × 10 9 accidents per flight hour. The three parameters,
, 1 and 2, completely determine the DDE density function used to describe aircraft performance that just
meets the TLS.
3.14
The North Atlantic (NAT) minimum navigation performance specification (MNPS) also states aircraft
performance requirements in terms of three parameters. The first of them is a limit on the standard deviation
of lateral track-keeping errors. The second, usually denoted , is a limit on the proportion of total flight time
No. 1
30/8/02

156

Manual on Airspace Planning Methodology for the Determination of Separation Minima

0.00035
0.0003
Four parallel routes on three flight levels
Same-direction traffic, concentrated on
central routes
Adjacent routes separated by 30 NM
TLS = 5E-9

Alpha

0.00025
0.0002
0.00015
0.0001
5E-05
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

1.8

2

Same-direction occupancy

Figure A-15-3b.
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spent more than half of a separation standard away from the route centre line, i.e. a limit on the rate of gross
lateral errors. The third, called , is a limit on the proportion of flight time spent in the immediate vicinity of
an adjacent route’s centre line. In the MNPS, the “immediate vicinity” is taken to mean the 20-NM-wide band
that covers all points within 10 NM of the centre line. In the present analysis, for which adjacent routes have
only 30 NM separation between their centre lines, the “immediate vicinity” is taken to mean the 12-NM-wide
band covering all points within 6 NM of the adjacent route’s centre line. Fortunately, it is not difficult to
translate values of , 1 and 2 into corresponding values of the three parameters used in the NAT MNPS. The
limit on the standard deviation of lateral track-keeping errors is logically equivalent to an RNP, and values for
and can be obtained by integrating the DDE density function over appropriate intervals or, equivalently,
by computing differences of the DDE distribution function evaluated at appropriate points.
3.15
The NAT MNPS requires typical navigation equivalent to RNP 12.6, while (as indicated above) a
system having a 30 NM lateral separation minimum is likely to operate with RNP 4. Table A-15-2 shows the
values of that are graphed in Figure A-15-4 (i.e. the maximum tolerable rates of atypical errors for a one-way
route system that has seven routes and seven flight levels, has a minimum lateral separation of 30 NM and
typically has a traffic distribution resembling that of the eastbound NAT OTS on 15 August 1994).
Table A-15-2 also shows the and values corresponding to each value of . Even at the lowest occupancy
shown in the table, i.e. at 0.1, these and values are considerably more stringent than the values given in the
NAT MNPS, where = 5.3 × 10 4 and = 1.3 × 10 4.

4.

MEANS OF REDUCING THE RATE OF
GROSS LATERAL ERRORS

Several improvements in avionics, communication systems and air traffic control systems that were to be
implemented during the late 1990s were expected to significantly reduce the rate of gross lateral errors and
thereby enable reductions in lateral separations. In order to determine whether the proposed systems did indeed
have the potential to eliminate oceanic gross errors, researchers from the United States Federal Aviation
Administration’s Flight Standards Service carefully examined each of the “Table A” and “Table B” errors
entered into the database of the North Atlantic Central Monitoring Agency (NAT CMA) between 1986 and
1993. Their examination revealed that the proposed improvements had the potential to eliminate approximately
95 per cent of the listed gross errors. While this result confirmed the potential benefit of pursuing the proposed
implementations, it will be necessary to confirm that the various subsystems which are intended to contribute
to error reduction actually operate as planned. It is also worth noting that any new system has the potential to
cause previously unforeseen errors, and since some of the new systems are highly complex, it may be extremely
difficult to determine the causes of such errors.

5.

APPLICATION CONSIDERATIONS

5.1
Each oceanic airspace has characteristics that distinguish it from others, such as the number and length
of its routes, and the dimensions, speeds, and navigational characteristics of the aeroplanes that use it. The
quantitative results reported in section 3 are derived from typical values of the parameters that are significant
in collision risk analyses, but they should not be viewed as applicable to all oceanic airspace. Nonetheless, it
would not be difficult to replicate those analyses with the values found to be applicable to any particular route
system.
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Table A-15-2. Eta and zeta values computed from
double double exponential (DDE) distribution function
Lambda1

=

1.3352

Lambda2

=

30

Half lambda2

=

Half separation

=

15

Outer zeta limit

=

36

Inner zeta limit

=

24

Occupancy

Maximum alpha

Eta

Zeta

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.9

2.29E-04
1.15E-05
7.53E-05
5.72E-05
4.58E-05
3.82E-05
3.27E-05
2.86E-05
2.54E-05
2.29E-05
2.08E-05
1.91E-05
1.76E-05
1.63E-05
1.52E-05
1.43E-05
1.34E-05
1.27E-05
1.20E-05
1.14E-05

1.52E-04
8.27E-05
5.95E-05
4.79E-05
4.10E-05
3.64E-05
3.30E-05
3.06E-05
2.86E-05
2.71E-05
2.58E-05
2.48E-05
2.39E-05
2.31E-05
2.25E-05
2.19E-05
2.14E-05
2.09E-05
2.05E-05
2.01E-05

3.40E-05
1.70E-05
1.13E-05
8.50E-06
6.80-06
5.67-06
4.86-06
4.25-06
3.78-06
3.40-06
3.10-06
2.84-06
2.62-06
2.43-06
2.27-06
2.13-06
2.01-06
1.89-06
1.80-06
1.71-06

5.2
Appropriate values for some of the parameters used in collision risk analyses can be gathered through
surveys of operators; others can be found through examinations of radar-reported aircraft positions; still others
may be obtained from careful sorting of the data recorded on flight-progress strips. While some of the processes
involved in determining parameter values are labour-intensive and may require weeks or months of effort, most
can be accomplished within a reasonable time period. Gross errors, however, occur quite infrequently, and thus
an airspace management authority that wishes to determine whether its route system’s gross-error rate is
acceptably low may need to monitor the system over a period of several years and establish a database such as
No. 1
30/8/02

Appendix 15. Navigational performance requirements for the introduction of
30 NM lateral separation in oceanic and remote airspace

159

that of the NAT CMA. Of course, if the database is not well-maintained — in particular, if it does not include
all of the gross errors that occur in the airspace — then the authority may mistakenly conclude that its route
system can operate safely with smaller separations than are warranted by the system’s true (but unknown) rate
of gross errors.

6.

CONCLUSION

Section 3 considers four different examples of route systems having a 30 NM separation between adjacent coaltitude flight paths. For each of those systems, it derives the maximum rate of atypical errors that can be
tolerated for each level of occupancy if the system is to meet a TLS of 5 × 10 9 accidents per flight hour.
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Appendix 16
A METHOD OF DERIVING PERFORMANCE
STANDARDS FOR AUTOMATIC DEPENDENT
SURVEILLANCE (ADS) SYSTEMS

1.

INTRODUCTION

An airspace management authority planning to implement an ADS system may wish to establish performance
standards for the system before it embarks upon the preparation of detailed specifications and other procurement
documents. This appendix suggests a procedure for obtaining five significant performance standards:
pw

—

the minimum acceptable probability that the system prevents a waypoint-insertion lateral
error;

pn

—

the minimum acceptable probability that the system prevents a preventable non-waypointinsertion lateral error;

P(A) —

the minimum acceptable probability that the sequence of actions referred to in this
appendix as an “ADS cycle” is completed;

t

—

a maximum acceptable time for completion of an ADS cycle; and

m

—

the minimum acceptable probability that an ADS cycle is completed in time t, given that
it is completed.

The procedure is based on two important characteristics of ADS systems: their operation of route conformance
functions and their use of event contracts.
2.

OBTAINING VALUES OF pw AND pn

2.1
The first step in the procedure assumes that the airspace management authority maintains (or has
access to) a monitoring system that records the gross lateral errors committed by the fleet of aeroplanes that use
its routes. For example, the Central Monitoring Agency (CMA) of the United Kingdom’s National Air Traffic
Services maintains statistics on the performance of the North Atlantic fleet; the United States Federal Aviation
Administration’s Asia-Pacific Approvals Registry and Monitoring Organization (APARMO) performs a similar
function for the Pacific fleet; and Spain’s Aena operates the South Atlantic Monitoring Agency (SATMA).
Although the monitoring system may be employed for various other purposes, the procedure described here is
chiefly concerned with its ability to determine a route system’s rate of gross lateral errors r. One would usually
expect r to be derived empirically and to describe a prevailing rate, but in some contexts it might indicate
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an expected future rate, as long as its value could be justified on reasonable analytic grounds. The rate r might
be low enough to permit safe operations under current conditions, but be too high for the route system to operate
safely after the implementation of a projected change, such as a reduction in the lateral separation between
adjacent parallel routes. The implementation of ADS might be needed in order to reduce the gross error rate
to an acceptable level.
2.2
Thus the airspace management authority also needs to select a maximum tolerable gross error rate
.
is
the maximum tolerable probability that after the implementation of ADS a randomly chosen flight
R
R
is committing a gross error.
2.3
An examination of gross error data, such as those maintained by the CMA, may suggest a rate of errors
attributable to failures of navigation systems. It is reasonable to expect that whenever air traffic controllers are
not informed of such a failure, the crew of the affected aeroplane is also unaware of it for, in most cases, if the
crew were aware of it, it would notify its servicing ATC unit. If the flight crew has not been informed of a
failure, then the navigation system itself, and all aircraft subsystems with which it communicates, must have
been unable to detect the failure. The CMA normally requests an investigation of each NAT gross lateral error
that comes to its attention, and it retains a record of the cause of the error. If other monitoring agencies do
likewise, then a typical airspace management authority should have access to data that will enable it to estimate
the fraction, fu, of all gross lateral errors in its airspace caused by undetectable failures of navigation systems.
Since airborne ADS units cannot detect these failures, the ADS system will be unable to prevent the resulting
errors, and the fleet’s rate of errors after the implementation of ADS will be at least rfu. If rfu > R, then the
implementation of ADS will not by itself be capable of reducing the system’s gross error rate to an acceptable
level. The remainder of this appendix therefore applies only to values of fu less than
rfu <

R

, i.e. values for which

.

2.4
It has been observed that, in recent years, in at least one heavily travelled airspace, a large proportion
of gross lateral errors have been waypoint-insertion errors. Using data from the relevant monitoring agency, the
authority can also estimate fw , the fraction of all gross errors that are waypoint-insertion errors. The route
system’s fraction of detectable, and possibly preventable, gross errors is 1 fu. Since all waypoint-insertion
errors are candidates for prevention by ADS, it is clear that fw < 1 fu , and that

is the fraction of possibly

preventable errors that are waypoint-insertion errors. Thus

is the fraction of possibly

preventable gross errors that are non-waypoint-insertion errors. The underlying rate of (preventable) waypointinsertion gross errors is rfw , and the underlying rate of preventable non-waypoint-insertion gross errors is
r(1 fu fw). That is, prior to ADS implementation, rfw = P(a randomly chosen flight is committing a waypointinsertion gross error); likewise, r(1 fu fw) = P(a randomly chosen flight is committing a preventable nonwaypoint-insertion gross error). To save space, let the abbreviation “WPIE” denote “waypoint-insertion gross
error”, and let “NWPIE” denote “non-waypoint-insertion gross error”.
2.5
The route conformance function of ADS (much of which is implemented in the ground-based
component of the system) is expected to eliminate most WPIEs. Let pw = P(ADS prevents a WPIE), and let pn
= P(ADS prevents a preventable NWPIE). Then 1 pw = P(ADS fails to prevent a WPIE) and 1 pn = P(ADS
fails to prevent a preventable NWPIE). After ADS is implemented in a route system, the maximum tolerable
rate of gross errors is R. However, ADS will not have any effect on the portion of the gross error rate
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represented by rfu, the rate of non-preventable gross errors. If the route system’s rate of gross errors after the
implementation is to meet the maximum tolerable rate R, it must satisfy:
R

P(a randomly chosen flight is committing a preventable gross error)
= P(a randomly chosen flight is committing a WPIE)
+ P(a randomly chosen flight is committing a preventable NWPIE)
= P(ADS fails to prevent a WPIE)rfw
+ P(ADS fails to prevent a preventable NWPIE)r(1
= (1

pw)rfw + (1

pn)r(1

fu

fu

fw)

fw).

Equivalently,
(1 pw)fw + (1 pn)(1 fu fw)
= fw

f w pw + 1

fu

= 1

fu

(1 fu fw)pn

f w pw

fw

(1 fu fw)pn

and
1

f w pw

(1 fu fw)pn .

Thus
(1 fu fw )pn

1

f w pw

or, equivalently,

pn

.

(1)

From this inequality it is clear that the set of possible values of the probability pn is bounded from below by a
linear function of the probability pw . The line that forms the lower bound has pw-intercept

pn-intercept
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2.6
Thus, once the authority has chosen values for the parameters R, r, fu and fw, its choice of the
probabilities pw and pn is constrained by the linear bound given in inequality (1) and by the requirement that they
remain between 0 and 1. The area to the right of the sloping line in Figure A-16-1 illustrates a set of feasible
values of pn and pw . In this particular example, the parameters have the values R = 1.41 10 5, r = 6.4 10 5,
fu = 0.05 and fw = 0.90. Note that where pw is greater than or equal to 0.8663, pn can take any value between 0
and 1 because the ADS route conformance function eliminates enough WPIEs that it is not necessary for ADS
to eliminate any preventable NWPIEs in order to reduce the overall error rate to R. On the other hand, where
pw is less than or equal to 0.8107, the route conformance function is unable to prevent enough waypoint errors
to reduce the overall error rate to R, even if ADS completely eliminates all other preventable errors. Of course,
different inputs would change the graph, but if it remained similar to Figure A-16-1, there is a substantial
possibility that the ADS route conformance function would suffice to reduce the overall gross error rate to the
required level because its success rate has been predicted to be better than 86.63 per cent.

1
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Figure A-16-1.

Relationship between required probabilities
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Figure A-16-2.

Relationship between required probabilities

2.7
The boundary line in Figure A-16-1 is quite steep because fw, the fraction of gross errors that are
waypoint-insertion errors, is a large fraction (90 per cent) of the total. In other words, the overall rate of gross
errors is reduced by the required extent if and only if the rate of waypoint-insertion errors is reduced by nearly
the same extent. Even if all other gross errors are eliminated, it is still necessary to reduce waypoint-insertion
errors by 81.07 per cent, but if ADS eliminates 86.63 per cent of waypoint-insertion errors, it does not need to
eliminate any others.
2.8
Figure A-16-2 shows an example in which fw = 0.5, a fraction typical of one heavily used airspace
during the early 1990s. In this case, the lower right end of the boundary line shows that even if pw = 1 (i.e. if
ADS prevents 100 per cent of waypoint-insertion errors) it still needs to prevent at least 62.14 per cent of other
preventable errors in order to reduce the error rate to R = 1.41 10 5. Likewise, the top left end of the boundary
line shows that if ADS can eliminate 100 per cent of preventable non-waypoint-insertion errors, then it will still
need to prevent at least 65.93 per cent of waypoint-insertion errors in order to succeed in reducing the overall
rate to R.
2.9
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a) estimating r, an underlying rate of gross lateral errors;
b) selecting a maximum tolerable probability,
error after the implementation of ADS;

R

, that a typical flight will commit a gross lateral

c) estimating fu, the fraction of gross lateral errors that ADS cannot be expected to prevent (while
recognizing that if rfu > R, then the implementation of ADS will not, by itself, be capable of
reducing the system’s gross error rate to an acceptable level);
d) estimating fw, the fraction of gross lateral errors that are waypoint-insertion errors; and
e) using inequality (1) to select pw, the minimum acceptable probability that a waypoint-insertion
error will be prevented by ADS, and pn, the minimum acceptable probability that a (preventable)
non-waypoint-insertion error will be prevented by ADS.
2.10
The very significant difference between Figures A-16-1 and A-16-2 (figures that reflect different
prevailing conditions in the same airspace during different time periods) illustrates an important principle.
Different airspace, and even the same airspace operating in different time periods, can exhibit different
characteristics, and thus an analysis of safety requirements done for one of them is not necessarily relevant to
another. The airspace management authority must be careful to select parameter values that reflect the airspace
and the time period relevant to its planning.

3.

MODELLING ADS OPERATION
3.1

A basic scenario

3.1.1
Having chosen or derived values for the parameters listed in 2.9, the airspace management authority
can then derive a limit on the maximum acceptable time for the transmission of the sequence of messages used
by an ADS system and an associated communications link to prevent the occurrence of a gross lateral error. The
remainder of this section explains the model used to derive that limit.
3.1.2
ADS systems send aircraft positions to air traffic controllers when the aircraft are beyond the coverage
of surveillance radar. An ADS system consists of both ground-based and airborne components and may also
include a space-based communications link. The ground-based component typically arranges a “contract” with
the airborne component of each aeroplane that participates in the system, and that contract specifies the kinds
of data that are to be reported, as well as the conditions under which reports are to be transmitted.
3.1.3
The messages sent by the airborne component generally incur transmission costs, and in order to keep
such costs reasonably low, current ADS systems employ typical reporting rates of approximately one report per
15 minutes. Such low update rates are clearly of very little use in promptly notifying the air traffic control
(ATC) system of unauthorized or unintentional deviations from the aeroplane’s planned route of flight, since
there is only a small probability that such a deviation occurs shortly before the airborne unit sends a scheduled
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report. Instead, the ADS system relies on the airborne unit to monitor its aircraft’s progress along its cleared
route of flight and to automatically report to the ATC system whenever the aeroplane deviates from that route
by more than some prescribed distance. In this discussion that distance is called B because it defines a buffer
(of width 2B) about the route’s centre line. The angle by which the aeroplane’s true path deviates from the route
is denoted d.
3.1.4
Suppose that an aeroplane begins to deviate from its cleared route of flight. (The present discussion
does not address the issue of whether the deviation is appropriate or not. Some deviations result from human
error or equipment malfunction. Others are intentional, and of those, some are obviously necessary to ensure
safety of flight.) When the aeroplane has laterally moved distance B from the centre line of its cleared route,
the airborne ADS unit should recognize that it is passing beyond the buffer and should generate a report to the
ATC system. However, it is not unreasonable to imagine that the airborne ADS unit and the ground-based ATC
system might have different definitions of the cleared route. Such an error could result from various causes, but
regardless of the cause, the error could lead the airborne unit to understand that it is following the cleared route,
even though its path is in fact diverging from that which the ATC system understands the cleared route to be
and which it expects the aeroplane to be following. There are, undoubtedly, a variety of other means by which
the airborne unit might fail to generate a report to the ATC system, such as failure of its electronic components
or execution of faulty software. Whatever they may be, the existence of mechanisms that prevent the generation
or transmission of such reports leads to the conclusion that while the probability of correctly generating and
transmitting a report may be relatively large, it must still be strictly less than 1. Let pt denote that probability.
In the (highly probable) event that a report is transmitted, let T1 denote the random variable that is the time
between the aeroplane’s passage out of the buffer and its transmission of the report.
3.1.5
The report typically passes through an elaborate, complex communications system consisting of many
links. Let pd denote the probability that it reaches the correct ATC system, and in the event that it does so, let
the random variable D be the time from its transmission to its reception.
3.1.6
When the ADS report reaches the ATC system, it may be processed by a controller (perhaps aided by
a computer), and the controller may respond by transmitting a message telling the pilot to return to the cleared
route of flight. Let pc denote the probability that the ATC system correctly generates and transmits such a
message, and in the event that it does so, let the random variable C be the time from the arrival of the ADS
report to the transmission of the response.
3.1.7
The response message must also pass through a complex communications system consisting of many
links. Let pu be the probability that it reaches the pilot, and if it does, let the random variable U be the elapsed
time between its transmission from the ATC system and its arrival at the pilot’s position.
3.1.8
Upon receiving the controller’s message, the pilot takes some time to understand it and to decide
whether to implement it. Let pi be the probability that the pilot decides to implement the ATC system’s
instruction, and let I denote the time between receipt of the controller’s message and the pilot’s initiation of a
constant bank angle turn back towards the cleared route of flight. Let the random variable be the bank angle.
3.1.9
The aeroplane continues to move away from its assigned route until its course changes by d, at which
instant it is moving parallel to the route. (It then continues to turn until it reaches the heading at which the pilot
wishes to return to the route.) Thereafter it moves back toward the route. Thus the aeroplane reaches its
maximum distance from the route’s centre line at the moment when it has turned enough to be flying parallel
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to the route. Let Y denote that maximum distance, and let T2 denote the time between the initiation of the bank
and the moment when the aeroplane’s heading has turned through an angle d. Let V denote the aeroplane’s
speed, and let g ( 9.8 metres/sec2) denote the acceleration of gravity. As is shown in the attachment to this
appendix,

.

3.1.10 If the aeroplane is flying in a system of parallel routes, it is viewed as committing a gross lateral error
(sometimes also called a gross navigational error or GNE) when its deviation from the centre line of its assigned
route exceeds half of the separation between adjacent routes. Let S denote that separation. Also, conservatively
assume that the aeroplane continues to deviate from its route and commits a gross error, unless the ADS system
(and its associated communications system) works well enough to turn it back to the heading of the route before
its excursion takes it S/2 away from the centre line. Thus the aeroplane avoids committing a gross error if and
only if:
a) the airborne ADS component transmits a report indicating that its aeroplane has passed the
boundary of the buffer;
b) the report is successfully received by the appropriate ATC unit;
c) the ATC unit issues a message telling the pilot to return the aeroplane to its cleared route;
d) the ATC unit’s message is correctly received by the pilot;
e) the pilot takes the appropriate action to turn the aeroplane; and
f) the aeroplane turns to the heading of its route before its lateral distance from the centre line
reaches S/2.
Together, events a) through e) constitute an “ADS cycle”. Let A denote the mathematical intersection of those
events, i.e. the event that the ADS cycle is completed, in that actions a) through e) all occur. Then P(A)
= pt pd pc pu pi . Given that the cycle is completed, the probability that action f) occurs is the (conditional)
probability that Y < S/2.
3.1.11 The aeroplane’s speed, V, is a random variable in that it takes different values for different aeroplanes,
but for any particular cruising aeroplane it is essentially constant. During the periods whose durations are T1,
D, C, U, and I, the aeroplane is travelling straight, and its lateral speed is V sin d. Thus it laterally travels
V sin d (T1 + D + C + U +I) during those five periods.
3.1.12

As is shown in the attachment to this appendix, the lateral distance that the aeroplane travels while

turning, during the time period of duration T2 , is

. Thus Y, the aeroplane’s greatest lateral

distance from the centre line of its cleared route, is given by
.

(2)
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The probability that the aeroplane returns to its cleared route of flight without committing a gross lateral error
is then P[A and (Y < S/2)] = P(A) P( Y < S/2 A)
.

3.2

(3)

Distributions of random variables

3.2.1
Little, if any, empirical data are available to characterize the random variables T1, D, C, U, I, V, d and
. It is, however, clear that they are all strictly positive, and their distribution functions must reflect that
property.
3.2.2
The times D and U vary with the performance characteristics of the equipment used to accomplish the
ADS data link functions. They can also be expected to vary because of delays due to random contention for
scarce transmission resources. One expects D and U to have extremely small probabilities of being very close
to 0, but their probability density functions can be expected to increase with increasing time, up to some local
maxima, and then gradually decrease. Functions such as gamma densities may be reasonable candidates to
quantitatively describe these random variables.
3.2.3
T1, the aeroplane’s delay in sending a message to the ATC system, is likely to be far smaller than D
and U, but it too may be well described by an appropriate gamma density.
3.2.4
The time intervals C and I depend on the performance of both equipment and humans, but one expects
their density functions to have the same properties mentioned in 3.2.2, and so the gamma densities are again
likely candidates to describe them.
3.2.5
The distribution of speeds in a given airspace depends on the types of aircraft that use it. However,
the speeds used for travel in one particular direction, on a single route or a set of parallel routes, rarely differ
from each other by more than 100 kt, i.e. approximately 50 metres/second. Thus it may be possible, for many
airspaces, to model aircraft speed V as a random variable uniformly distributed over a relatively small interval.
3.2.6
The bank angle of a deviating aeroplane may vary with the flight management system of its
aeroplane, with the deviation angle d, and with the aeroplane’s longitudinal distance from its next reporting
point when it begins to turn back toward its cleared route. In the absence of empirical data, a uniform
distribution over a small range of angles (perhaps 10 or 15 degrees) may suffice to describe the bank angle.
3.2.7
In the scenario presented above, the aeroplane laterally deviates from its assigned route at a speed of
V sin d during the time periods whose lengths are T1, D, C, U and I. If the sum of those times is as little as two
or three minutes, but the deviation angle d is relatively large, the lateral speed will be great enough to cause
a gross lateral error — even before the aeroplane begins to turn back toward its assigned route. It is clear that
(the sine of) d has a very significant effect on the probability that the deviating aeroplane commits a gross
lateral error. Large deviation angles lead to very large lateral speeds, and in such cases the aeroplane avoids
committing a gross error only when the ADS system works so quickly that it allows the aeroplane to turn back
toward its cleared route within a very short time after leaving the buffer. For example, if the aeroplane is
moving at 480 kt, and d = 30°, then the lateral speed is 480 kt sin(30°) = 240 kt or 4 NM per minute. If the
distance between the routes is 30 NM, and the buffer’s half-width is 5 NM, then the aeroplane commits a gross
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error if it goes (30/2) 5 NM = 10 NM past the boundary of the buffer, and so (without even considering lateral
movement during the aeroplane’s turnback toward its route, it’s clear that) the aeroplane commits a gross error
if T1 + D + C + U + I exceeds (10 NM)/(4 NM/min) = 2½ minutes.
3.3

Deriving a performance parameter
from the basic scenario

3.3.1
When airspace management authorities have accumulated several years of experience in the operation
of ADS systems, it may become easy for them to develop requirements for the distributions of T1, D, C, U and
I. However, at the time of the preparation of this appendix, the data needed to develop such requirements were
not readily available. Nonetheless, though the distributions of the individual times T1, D, C, U and I may be
difficult to determine, the example in the last paragraph suggests that their sum is far more important than any
of the individual terms. Therefore, it makes sense to return to equation (3), which expresses the probability that
ADS prevents a deviation from developing into a gross error as
.
By selecting a minimum acceptable probability pn that ADS prevents a preventable NWPIE, the airspace
management authority will effectively require that
,

or, equivalently, that

. Figure A-16-3 shows values of

(4)

for six different

probabilities P(A) that the ADS cycle is successfully completed, and for a large range of possible values of pn.
That is, Figure A-16-3 shows minimum acceptable values of
.
Through consultations with equipment manufacturers the airspace management authority should be able to
estimate a realistic (or even a conservatively large) value for P(A). Dividing the chosen value of pn by the chosen
value of P(A) then yields the minimum acceptable probability m that the ADS cycle is completed quickly
enough, given that it is completed. In the event that pn /P(A) > 1, a larger value of P(A) needs to be adopted
(since the quotient m must be a probability).
3.3.2

The probability

can be re-expressed as

.

(5)
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Figure A-16-3. Minimum acceptable probability that ADS prevents a
preventable NWPIE, given that the ADS cycle is completed

By choosing conservative (or “worst-case”) values of aircraft speed V, bank angle and deviation angle d, the
authority can construct a graph such as Figure A-16-4. (The most conservative values of V and d are the largest
values that might reasonably be expected; the most conservative value of is the smallest value that might be
expected.) Figure A-16-4 shows values of

for six different combinations of

V and and for a range of deviation angles d extending from 15 degrees to 90 degrees. This particular example
takes the distance S between adjacent routes to be 30 NM and takes B, the buffer’s half-width, to be 5.66 NM,
which is approximately three standard deviations of typical lateral error for an aeroplane that just meets required
navigation performance (RNP) level 4. Let t be the value that the airspace management authority derives from
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Figure A-16-4.

Maximum acceptable ADS cycle time

a figure such as Figure A-16-4. Then the authority has, in essence, established a requirement that
or, in other words, that
P(ADS cycle time < t | the ADS cycle is completed)

m.

(6)

3.3.3
The analysis of the preceding paragraphs does not include the effect of wind. It has been shown,
however (reference 1) that the effect of wind on maximum ADS cycle time can be well approximated to within
one second in almost all cases of interest, by using the maximum ground speed in place of airspeed in the above
analysis. The airspace management authority can take the most conservative case by selecting the highest
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airspeed VA and wind speed VW that might reasonably be expected and then using V = VA + VW in equation (5).
For example, the case of an aircraft with maximum airspeed VA = 500 kt and maximum wind speed VW = 200 kt
can be satisfactorily approximated by using a value V = 700 kt in equation (5).

4.

SUMMARY

By following the procedure detailed in sections 2 and 3 of this appendix, an airspace management authority that
is planning to implement an ADS system can obtain values for five significant ADS performance parameters:
pw

—

the minimum acceptable probability that the system prevents a waypoint-insertion lateral
error;

pn

—

the minimum acceptable probability that the system prevents a preventable non-waypointinsertion lateral error;

P(A)

—

the minimum acceptable probability that the sequence of actions referred to in this
appendix as an “ADS cycle” is completed;

t

—

a maximum acceptable time for completion of an ADS cycle; and

m

—

the minimum acceptable probability that an ADS cycle is completed in time t, given that
it is completed.

5.
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Attachment to Appendix 16
DESCRIPTION OF A TURNING AEROPLANE
1. This simple model of a turning aeroplane ignores the effect of winds and also ignores the brief period
during which the aeroplane rolls into a bank. Let M (kg) denote the mass of an aeroplane, and let g (m/sec2)
denote the acceleration of gravity. While the aeroplane is flying straight and level, its wings, moving through
the air, generate lift which equals its weight, Mg. That is, the wings generate a force of magnitude Mg, directed
upward. If the aeroplane goes into a bank at a constant angle , it needs to increase lift in order to continue to
generate a vertical force component Mg and thereby maintain its altitude. As is shown in Figure A-16-5, the
force normal to the wings is then Mg sec , and the horizontal force on the aeroplane is Mg tan .Therefore,
the magnitude of the aircraft’s horizontal acceleration is g tan .
2. Figure A-16-6 illustrates a rectangular coordinate system established so that when the aeroplane begins
its turn, at time 0, it is at the origin and is headed along the X-axis (the horizontal axis) in the positive direction.
Let t denote the time elapsed since the beginning of the turn. At any t 0, let (x(t), y(t)) denote the aeroplane’s
position, let
denote its velocity, and let
denote its acceleration. Assume
that the aeroplane maintains a constant speed V during its turn so that

for all t

3.

. The horizontal

At the beginning of the turn the aeroplane’s velocity is

0.

component of the force generated by the wings is always directed at a right angle to the aeroplane’s velocity
vector. That is, the aeroplane’s acceleration vector remains perpendicular to its velocity vector throughout the
constant bank angle turn. Thus the initial acceleration
must be
or
, depending
on whether the turn is to the left or to the right. At an arbitrary time t, when the velocity vector lies along a line
whose slope is
the acceleration vector must lie along a line whose slope is the negative reciprocal
of

, i.e.

. The two unit vectors that lie along such a line are

, and since the magnitude of the acceleration remains constant at
must be either

or

and

throughout the turn,

, depending on the direction of the turn. For the

sake of argument, assume that the turn is to the left, as shown in Figure A-16-6.
Then:
.

Since

, it follows that

and

.
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Mg•sec

Mg

wings
Mg•tan

Figure A-16-5.

horizontal

Forces acting on a banked aeroplane

These differential equations have solutions

and
,
which also fit the initial conditions vx(0) = V and vy(0) = 0.
4.

The aeroplane begins its turn at the origin, (0,0). At time t, its position,
and

. Substituting the expressions for vx and vy obtained in the last paragraph

then yields two simple integrations, the results of which are

and
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Figure A-16-6. Lateral movement of an aeroplane
while turning back toward its assigned route

.
That is, at time t the aeroplane’s position is
.

5.

At time t the aeroplane’s distance from the point

is then

,
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which is easily simplified to

. Since this distance is not a function of t, but is a constant, the aircraft’s

path during its turn must lie along the circle of radius

about the point

the aeroplane’s path is shown as arc OC, and the circle’s centre,

. In Figure A-16-6
, is labelled point A.

6. When the aircraft begins its turn, it is headed along the X-axis, so that the angle between its velocity vector
and the X-axis is 0. As the turn progresses, the velocity vector rotates away from the X-axis. Since the
aeroplane’s path lies along a circle, the central angle subtended by the path at time t, (t), is also the angle by
which the velocity vector has rotated away from the X-axis. The tangent of that angle is
expressions derived above for vx(t) and vy(t) immediately yield the result
it follows (since the tangent function is one-to-one on

) that

, and the
, from which

, or

.

7. Let d denote the angle at which the aeroplane deviates from its cleared route before beginning its turn.
It needs to turn through the same angle before it can begin to head back toward the route. It reaches its
maximum distance from the route at the instant when it has turned through that angle and is (momentarily)
heading parallel to the route. In Figure A-16-6, that occurs when the aeroplane is at point C. The tangent to the
circle at C intersects the X-axis at a point D, so line segment
is parallel to the cleared route. Line segment
is drawn parallel to segment
(and is therefore also parallel to the cleared route), and it passes through O
= (0,0), the point at which the aeroplane began its turn.
8. Since
is tangent to the circle at C, the radius
is perpendicular to
,
and the cleared route
of flight, and so the length of segment
is the distance that the aeroplane moved away from the cleared route
between the time it began its turn and the time it started moving back toward the route. Triangle ABO is a right
triangle whose hypotenuse
must be

. Since the radius
.
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has length

, and angle OAB has measure
has length

. Thus the length of segment

, the length of segment

must be

